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An algorithm for sequencing jobs on a single processor with the objective of minimizing the mean flow time, when the
jobs may have unequal ready times, is developed. The procedure involves partitioning the problem into subproblems,
and solving the subproblems by applying branch and bound techniques. Experimental evaluation shows that the
resulting procedure when the partitioning scheme is applied is more efficient than existing algorithms.

1. INTRODUCTION

The problem of sequencing n jobs on one processor or
machine has been studied extensively under different
assumptions and objective functions. One of the most
constraining assumptions many researchers have made
in their studies of sequencing problems is the equality of
the ready times of the jobs. The ready time of a job is the
time at which the job is released to the shop by some
external job generation process.! It is the earliest time
that the job can be made available for the machine to
start processing it. In the simple problem of sequencing
n jobs with equal ready times and no imposed due dates
with the objective of minimizing the total flow time, it
has been shown'! that the Shortest Processing Time (SPT)
rule provides an optimal solution. According to this rule,
jobs are sequenced from beginning to end on the basis of
an ascending order of their processing times.

In general, it is conceivable that the job ready times
may not be identical. The inequality of the ready times
has been recognized in the literature on scheduling
problems.?~> Dessouky and Deogun® studied the se-
quencing problem with unequal ready times to minimize
mean flow time (or equivalently, to minimize mean
completion time), and presented an optimal branch and
bound scheduling procedure. Later, Bianco and
Ricciardelli’ presented a branch and bound algorithm
for the same problem with generalized objective function
to accommodate weighted completion times.

One approach to improve the efficiency of a branch
and bound procedure is to employ partitioning. A
procedure employing partitioning consists of a scheme
for dividing the problem into subproblems, a branch and
bound procedure for solving the subproblems, and a
method of combining the solutions of the subproblems to
form the solution of the original problem. In this paper
we develop such a partitioning scheme for the problem
considered by Dessouky and Deogun.®

2. PRELIMINARIES AND PROBLEM
FORMULATION

A set N of n jobs, N={ili=1, 2, ..., n}, is to be
processed, one job at a time, on a single processor
(machine). For each job i, the processing time, p;, and the
ready time, r;, are given. The ready times r; are assumed

to be given as offsets from an origin, denoted by ¢,, such
that #, the point in time at which job i is ready, is given
by t; =ty + r. Therefore, ready time r; implies that job i
arrives r; time units after #,. Ready times r; are
independent of processing times p;. Completion of all
jobs requires establishing a sequence S = (sy, 5, . . ., S,),
where s, is the index number of the job in position y.
When a job parameter or variable is identified by the
job’s position in a given sequence rather than its index
number, the position is indicated as an underlined
subscript to the parameter or variable. Thus, r, =7,
means the ready time of the job in position 4 in the
sequence considered.

Suppose that a sequence is constructed by adding one
job at a time, starting from position 1. At any point, we
have a partial sequence Sk of a job set K = N, Sy = (54,

.., . The earliest start time of a job ie N, R(Sk) or
simply R;, and its earliest completion time, C(Sy) or
simply C;, are given by:

ri ifi =s, (1a)
R,-={max (rx, Cu) ifi=s,eK, y#1 (1b)
max (r;, C) ifieK=N-K (1¢)
Ci=Ri+p,'- 2

Note that, in eqn (2), if job i has been sequenced (that is,
ie Sk), then C; denotes its actual completion time,
otherwise C; denotes the earliest possible completion
time based on Sk.

Another concept used in this paper is that of idle
machine time, or simply idle time. The idle time of a job
i in a sequence S(N), of a set of jobs, N, is the sum of all
the intervals, prior to starting / and measured from ¢,
duringwhichthe machine is notengaged in the processing
of a job. Thus, the idle time, I(S) or simply /;, of jobi = s,
is given by:

Ii=12=l,,___,+max{rx—Cu,0} 3)

where I, = 0 and C, = #,. The idle time preceding s, as
measured from a zero origin, will be ¢, + 1, The idle
time gap between two consecutive jobs s,_; and s, is
given by:

Iy_1’2=1y—1y__—l=max{rx-Cu,o} (4)

The completion time of the job s, may thus be expressed
as:

C=Cys+ 11y +py )
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ON SCHEDULING WITH READY TIMES TO MINIMIZE MEAN FLOW TIME

For any job i the flow time F; and the waiting time W;
are defined as follows: F;=C;,—r, and W;=R,—r;
For a sequence S, the total completion time C(S) =

71 C(S), the total flow time F(S) = Y7, F(S), and the
total waiting time W(S) = X7, W(S). Conway, Maxwell
and Miller! show that a sequence S* which minimizes
C(S) will also minimize F(S) and W(S). In addition, the
mean values, C, F and W, are also minimized. The
purpose of this paper is to present a procedure for
determining S* such that C(S*) = ming C(S). This prob-
lem, with equal or unequal ready times, is commonly
called the n/1//F problem!' or simply the n/1/F problem.®

3. THE OVERALL APPROACH

The proposed procedure consists of two phases: Phase
I—Partitioning, and Phase II—Branch and Bound
procedure. In Phase I, the problem is set up and
partitioned into subproblems. The optimal subproblems
are identified, and Phase I initializes Phase II for every
non-optimal subproblem. Thus, Phase I also provides the
overall framework for the algorithm. The overall Phase I
approach is flow-charted in Fig. 1. Phase II applies
implicit enumeration techniques to find the optimal
solution for each individual subproblem. The implicit
enumeration scheme involves a branch and bound search
conducted along the branches of a tree in which a node
at level k represents a partial sequence Sk of a set Kof £
jobs. For each node Sy, we compute a lower bound
C(5*| Sg) and an upper bound C(S*|Sk) on C(S*|Sy),
the minimal total completion time of any sequence
starting with Sk, that is, conditional on Sk.

A node at level £ + 1 is formed by selecting a job
ieK= N — K and adding it to Sk in position k + 1 to

SET UP
JOBSET
PARAMETERS

v

PARTRITION JOB SET
N=Np b=1,2,...,B

No
OPTIMAL ?
NO

b=b+I |
4 CALL
BAB-SPT
FOR Np
: E
YES
STOP

Figure 1. The overall approach.

form (Sk, i). At each iteration, the node being expanded
is called the current node and has the current lowest lower
bound. A closed (fathomed) node is one whose correspond-
ing partial sequence has been found dominated, and,
hence, is eliminated from consideration. Dominance is
tested between nodes generated from the same parent. A
partial sequence (Sg, j) is dominated if another partial
sequence (S, i) exists and C(S* | (Sx:)) < C(S*| (S, 1);

it is strictly dominated if C(S*|(S, 1) < C(S*|(Sk, /).

We apply a number of tests (pruning rules or elimination
criteria) to identify dominated nodes. The set D contains
all active nodes ordered by non-decreasing lower bounds,
with the current node placed at its beginning. An active
node is one which has not been found dominated.

4. PARTITIONING, OPTIMALITY AND
DOMINANCE PROPERTIES

In this section, we present relevant partitioning, optimal-
ity and dominance properties of the n/1/F problem. We
state the properties as theorems with proofs given in the
appendix. These properties are useful in developing
partitioning and branch and bound procedures. In
Section 4.1 theorems relevant to partitioning procedure
are presented and a partitioning scheme is described.
Properties relevant to the development of the branch and
bound procedure: computation of lower bound, testing a
sequence for optimality, and elimination criteria, are
presented in Section 4.2.

4.1 Partitioning procedure

In a sequence S, define a block < S as a set of
consecutive jobs with the first job s, having r, > C,_;(S)
and all other jobs s,,€b having r,, < C,,_ {(S).

Theorem 1. Given a set N of n jobs and an SPT sequence
of N, S*, the completion time of the last job in S is an
upper bound on the completion time of $*, the optimal
sequence of N.

Following Ref. 7, a sequencing problem can be
partitioned into two problems if a partition (N,, N,) of
the set N exists such that if S¥, S¥ , and S¥, are optimal
sequences with respect to mean flow time F on N, N,
and N,, respectively, then S} = S, S¥,. The following
theorem is immediate.

Theorem 2. If Sy = (Sk, Sg) is a sequence of a job set N,
where K and K = N — K are two disjoint subsets of N,
and Sk and Sk are such that: (i) C(Sx) = C(S¥%), that is
the completion time of the last job in Sk is an upper
bound on the completion time of the last job in the
optlmal sequence S%, and that (ii) r, = C,(Sx), where

mmxeser, then N can be partitioned into K and K

such that an optimal sequence of N is obtained by
optimizing K and K separately.

Corollary 2.1. In an SPT sequence S = S%, if a block &
exists such that the first job in b, s, has r, = min,<, <,
ry,then N can be partitioned into two disjoint subsets: X,
containing all jobs preceding s,, and K= N -K, such
that an optimal sequence of N is obtained by optimizing
K and K separately.
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Theorem 3. A sufficient condition for the optimality of a
block is that the first job in the block has the smallest
ready time of any job in the block, and that all jobs in the
block are sequenced according to SPT.

The above theorems lead to the following partitioning
scheme:

Partitioning scheme. The following procedure is applied to
ST to partition the job set into blocks and identify optimal
blocks:

(1) In a forward pass, identify each job which starts a
block.

(2) In a backward pass, calculate 7, , = min, <, <, r, for
each s, 1 < y < n and classify each block according
to the status of its first job, say A, as follows:

(a) Optimal block: when r, = r,, . This follows from
Theorem 3.
(b) Non-optimal block: whenr, > r,, ;.

4.2 Development of branch and bound procedure

4.2.1 Lower bound computation. A lower bound on the value
of an objective function, in a problem of minimizing an
objective function under constraints, is given by the
minimum value of the objective function of a modified
problem in which some or all of the constraints are
relaxed. It has been shown' that Shortest Processing
Time (SPT) rule provides an optimal solution for the
problem under consideration if inequality of the ready
times is relaxed to make all jobs available at the same
time. The approach followed in this paper defines the
* modified problem by constructing a relaxed job set
N’ = Ku K', where K’ is identical to K except thatr; =0
forallje K. The conditional optimal sequence is obtamed
b;: ordering K’ according to the SPT rule, yielding S% =
Sk, where the superscript P indicates that processing
time is the sequencing criterion. Therefore,

C(S|Sk) = C*N'| Sp) = C(Sk, Sk) ©
For each y satisfyingk + 1 <y <n,

CUSN=CS+ 3 pe @

x=k+1

From eqns (6) and (7) and the definition of C(S),

k n y
CSISY=2 G+ ¥ (Cls+ ) P&)

y=1 y=k+1 x=k+1
or

k n ¥y
CSIS= 3 C,+m—-KC+ Y Y pc (8
y=1 y=k+1x=k+1
Consider now a job i = s, K, and suppose that i is
pulled from its position 4 > k and placed in position k +
1, with all jobs s,€ Sk preceding i (i.e. kK < y < h) shifted
one position later. As i is placed in the new position, it
becomes part of the front sequence (Sk, i), and its original
ready time r; is restored to it. The earliest start time
R{(Sy) = R,,(SK) and the earliest completion time
C{(Sx) = C,(Sk) are given by eqns (1) and (2). A lower
bound on the new partial sequence similar to eqn (8) may
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be derived as follows, where the position subscripts refer
tojobsin S’ = (S, Sk):

k
QKS|SK,0)== 2: C&

y=1

h-1 v
+CS)+ Y (Ci(SK)+ > pa)

y=k+1 x=k+1

+ 3 (c,-(sx)+ » ,,,£>

y=h+1 x=k+1

or

k

y=1
n y
+ X X P
y=k+1 x=k+1
From eqns (8) and (9) it can be shown that
C(S|(Sk, ) = C(S|Sk) + (n — k)(C(Sx) — Cp)

h
—(-hpi— Y by (10)

y=k+1
Substituting eqn (5) in eqn (10) we obtain the
expression :

C(S|(Sk, ) = C(S|S) + (n — K),; +

-1
2 Py

y=k+1

k)C{(Sk) — (n — h)p;

Y by )

y=k+1

(h—k—1p

whichis a computationally efficient expression and allows
us to compute a new lower bound corresponding to each
job i that is eligible for placement in position k + 1 after
Sk

4.2.2 Optimality test. The following test is applied to the
initial SPT sequence S§: If in every block the first job
has the smallest ready time and all jobs follow an SPT
order, then the sequence is optimal.

Application of this test will obviate the need for
performing the branch and bound procedure whenever
the sequence passes the test. This optimality test is based
on the following lemma:

Lemma 1. A sufficient condition for the optimality of a
sequence is that in every block the first job has the
smallest ready time of any job in the block, and that all
jobs in the block are sequenced according to SPT.

4.2.3 Elimination criteria. The elimination criteria em-
ployed in the branch and bound procedure are based on
the dominance properties presented below. Theorems 4~
6 are stated here for completeness, their proofs can be
found in Ref. 6. The proof of Theorem 7 is given in
Appendix 1. We will identify R; and C; by the sequence
in question whenever it is not clear from the context.

Theorem 4. Given a job set N and a partial sequence Sk,
Kc N, 1faJobzeK N - KhaSp,<pJ,all]eK and a
job heK has R,(Sy) = R{(Sk), then i dominates & in
position k + 1. If R,(Sx) > R(Sk), then (Sk, i) strictly
dominates (S, h).
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Corollary 4.1. If a job set N can be divided into two subsets
N, and N, such that for every ie N, andjeNz, r;<rjand
Pi < pj, then an optimal solution exists in which N,
precedes N,.

Theorem 5. Consider a job set N of n jobs, and a partial
sequence Sy of k jobs, K — N, and let job ie K have
C{Sw) < C(Sy), all jeK. A partial sequence (S, j) is
strictly dominated if r; = C{(Sp).

Theorem 6. Given Sk, K = N, and two jobs i, je K, ifp <
piand C(Sk) = C(Sy) then (S, 1) dommates Sk, ).

Theorem 7. Given S = (S, S&) and a job ie K in position
h(h > k) such that C(Sx) — C, > I,_, — I, (Sk, i) domi-
nates (S, j) for any je K if p; < Dj and R{(Sk) < R(Sk).

The 1mpllcat10n of the condition C; — C, > I,l -1
is that when i is placed in position k + 1, no idle tlme will
exist between i and s,, n—1- Lheorem 7 stated above is
similar to corollary 2 (theorem 5) of Bianco and
Ricciardelli.” However, neither reduces to the other by
simple substitution of general as opposed to equal
weights.

5. THE ALGORITHM

Phase I (Partitioning)

A. Initialization

(1) Let N be the set of n jobs {ili=1, 2, ..., n}.
Define values r; and p; for all ie N.

(2) Arran nge the _]Ob set N according to SPT and let
S =Sk

B. Partitioning and optimality test

Q) Partition job set N into B blocks, and let

= {Nl6=1,2,...,B).

)] Apply the optnmahty test of Section 4.2.2. If the
sequence is optimal, go to step (9), otherwise,
proceed to step (5).

(5) Setb=1.

(6) If N, is a non-optimal block go to step (7),
otherwise, increment b=5b+ 1. If 5> B, go to
step (9), otherwise, repeat step (6).

(7) Initialize Phase II to optimize N,,.

(8) Incrementb = b + 1, and go to step (6).

C. Computation of optimal values

(9) Let S* denote the resulting optimal sequence.
Compute the optimal completion time C(S*) and
the optimal flow time F(S*).

Phase II (Branch and Bound)

This phase assumes that a job set N, of n, jobs and their
ready times r; and processing times p; for all i€ N, have
been passed to it by Phase 1.

A. Initialization

(1) Setk =0,K=0,Sy =0and K = N, — K. Initial-
ize RS =r; for all ieN, Set C(Sk), the
completion time of the partial sequence Sy, at
zero.

(2) Asjobsin N, are already sequenced accordmg to
SPT, let S, = (Sk, SE). Compute C(S,) =
C{(S,) and set the upper bound C(S}) = C(S,,)
(3) Define a relaxed set N, such that r;, = 0 and
p, P, all xeK and set C(S3) = C(S,,) where
= (Sk, S§), andset D = 8.

B. Branchmg and pruning

(4) Let the eligible set E=K  Compute
C.(Sx) = min,x C,(Sx) and eliminate all j from
E for which r; > C,(Sk) (Theorem 5).

(5) Compute the lower bound C(S, | (S, #)) from eqn
(12) for all ie E, and eliminate i from E if its lower
bound violates the upper bound constraint.

(6) If 54, €E and Ry, ,(Sg) = min; R; (Sg), jeE,
then eliminate all jobs from E except 5 +1 and
go to step (8), otherwise, proceed to step (7)
(Theorem 4).

(7) Eliminate all jobs j from E, if for i, je E, p; < p;
and C(Sx) = C(Sy) (Theorem 6).

®) Eliminate all Jfrom E, if for i, je K, p; < p;, i.e. i
precedes j in Sg, R(Sx) < R(Sx) and C(SK)
CdSx) = I,_, — I, where s, = i (Theorem 7).

(9) For each ieE, compute the total completion
time C(S,!(Sk, 1), and update the upper bound
C(S3) as follows: C(S§) = min {C(S$), ming,
C(S, | (Sk, D), i€ E}.

D. Updating set D .

(10) Add node (Sg, i) for each ie E to the set D,
except those which violate upper bound con-
straints, that is, for which C(S¥|(Sk, 1)) >
C(sp).

Remove the node corresponding to Sk from D.

E. Determination of current node

(11) Identify the node in D that has the lowest lower
bound. Let Sp be thisnode. Set K = Q, K= N, —
K and, if K =0 or LB = UB, return to Phase I,
otherwxse let Sg = S%.

(12) Update R,(SK) = max {r,—, C(SK)} and Cl(Sl() =
R(Sy) + p;for allie K. Go to step (4).

6. AN EXAMPLE

In this section the procedure is illustrated by the following
example. The example is specially constructed to dem-
onstrate most of the features of the procedure in one
example. For simplicity the given set of jobs is assumed
to be in SPT order.

Detailed computation up to the first iteration of phase
II for block No. 3 is given below, where numbers in
parentheses identify step number and phase of the SPT
algorithm, e.g. (I, 3) denoted step (3) in phase 1.

(1, 1) n =20, and valuesofr;and p;fori = 1,2, ..., 20 are
given in Table 1.

(1, 2) The jobs are already in an SPT order.

(I, 3) The job set N is partitioned into 6 blocks as shown
in Table 2. Beginnings of blocks are marked by «
in Table 1.

(I, 4) The optimality test of Section 4.2.2 fails, therefore,

proceed to step (I, 5).
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Table 1.
Earliest
Job Ready Processing Earlieststart completion  New
index  time time time time block
i I Pi R; C,
1 0 3 0 3 -
2 2 5 3 8
3 6 7 8 15
4 16 8 16 24 -
5 17 1 24 35
6 73 13 73 86
7 60 18 86 104
8 40 20 104 124
9 37 29 124 153
10 290 35 153 188
11 190 40 190 230 —
12 107 43 230 273
13 212 57 273 330
14 337 60 337 397 —
15 218 68 397 465
16 467 80 467 547 —
17 470 93 547 640
18 550 93 640 733
19 551 94 733 827
20 586 98 827 925

(1,5) Setb=1.

(1, 6) N, is optimal, therefore, increment b =2, and
repeat step (I, 6).

(1, 6) N, is optimal, therefore, b = 3, and repeat step (I,
6)

(1,6) Ny =

6, 7, 8, 9, 10) is non-optimal, therefore

initialize Phase I1.

aLn

1, 2)

(11, 3)
(1L, 4)

a1, 5)
(1, 6)
aL7n
(1, 8)
(1, 9)

(11, 10) C(S*) = min (655, 504, 539) =

Set k=0, K=0, Sx=0 and K= (6, 7, 8, 9
10). Set C(Sx) =0, R,(Sx) =73, RZ(SK)
RQ(SK) 40, R,(Sx) = 37 and R4(Sy) =
S=5Sk=(6,7,8,9,10), and C( 86+104+
124 4 153 + 188 = 655.
_Q(S“) =13+ 31 + 51 + 80 + 115 = 290.

=(6, 7, 8, 9, 10) and C3(Sg) =60 is the
minimum. Because R,(Sy) =73, Ry(Sx) =
R5(Sx) =90 are all > 60 therefore, removmg
jobs 6,7, and 8 from E, E = (8, 9).
C(S* | (Sk, 8)) = 499 and C(S*|(Sk, 9)) = 539.
Pruning rule No. 1 does not apply.
Pruning rule No. 2 does not apply.
Pruning rule No. 4 does not apply.
C(S|(Sk, 8)) = 499 and C(S|(Sk, 9)) = 539.
504.

(I1, 11) Only the node corresponding to job 8 is added

to the set D, because C(S*|(Sk, 9)) =539 >
C(S*) = 504.

Table 2.

Block

number Type Job subset

1 Optimal 1 2 3

2 Optimal 4 5

3 Non-optimal 6 7 8 9 10
4 Optimal 1 12 13

5 Non-optimal 14 15

6 Optimal 16 17 18 19 20
324 THE COMPUTER JOURNAL, VOL. 26, NO. 4,1983

(II, 12) Locate the node in D which has the lowest lower
bound.k =1,K=(8),K =(6,7,9,10),LB = 499
and UB = 501. Neither X = @, nor LB = UB.

(11, 13) RZ(S,() = 73 R3(Sx) = 60, R,(Sx) =60 and

Rs(Sg) = Cy(SK) =86, C3(Sp) =178,
C4(Sy) = 80 and Cs(Sy) = 115, and go to step
(11, 4).

This completes the first iteration in Phase II for block
N;. The complete tree of optimal solutions generated is
shown in Fig. 2. After N; has been optimized, the control
returns to step (8) in Phase 1. Block N, is again optimal,
so the procedure moves to block N5, which is not optimal,
and thus Phase ITis again initialized. The tree of solutions
generated is shown in Fig. 3. Block N, the last block, is
again optimal, so the solution procedure is terminated.
The optimal sequence is, therefore, (1, 2, 3, 4, 5, 8, 7, 6,
9,10, 11, 12, 13, 15, 14, 16, 17, 18, 19, 20) and minimum
value of total completion time is 5950.

K=¢
K =(6,78,9,10) '(,g égg
E=(8,9
« = (9) LB=539
JOB 7 DOMINATES JOB 6 K- (6,7,8,10,
(RULE 3) AND JOB 9
(RULE 4) K=
K =16,7,9,10) bg gg?‘
£:(6,79
K=(8,7) LB=504
K =(6,9,10)
E - (69,10 Y8904

JOB 6 DOMINATES JOB 9 AND JOB 10 (RULE 1}

K =(8,7,6) LB=504
K=(9,10) UB=504
(AS LB =UB, THEREFORE, PHASE II TERMINATES.)

K =(8,7,6,9)
K = (10}

K =(8,7,6,9,10)

R:¢

Figure 2.

LB-128
uB =862

@ K= (14)

K= (15) LB=633

K=05) R=(4) UB: 683
LB = 862 £= (1)
Q K=(i5,14) LB=683
E=¢ UB: 683
Figure 3.
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7. EXPERIMENTAL EVALUATION

The algorithm was programmed and tested on a Cyber
175, using a FORTRAN G compiler. Two tests were
conducted. The first test consisted of 220 job sets
(problems), generated randomly from independent prob-
ability distributions of r; and p;. Four distributions for r;
and eleven for p; were combined to produce 44 distribution
pairs, and each distribution pair used to generate five
problems. Each problem in this test consisted of 20 jobs.
For the second test one job set was generated from each
of the forty-four distribution pairs, except that each
problem in this test consisted of 50 jobs. The probability
distributions were chosen to be uniform to avoid biasing
particular values within their ranges, and to eliminate
the need for truncation. They are specified by the upper
and lower limits of their ranges. The experimental design
and the parameters used to generate problem sets for
both tests conducted on the algorithm presented in this
paper are exactly the same as those used by Dessouky
and Deogun.® Thus, the two algorithms, Dessouky and
Deogun’s (existing) algorithm and the (new) algorithm

As evident from Table 3 the new algorithm presented
here is more efficient as compared to the existing
algorithm. Mean computation time for test one showed
14.8%, improvement under a two-second limit and 25.8%
improvement under no time limit. For test two, mean
computation time, for all problems, showed 16.2%
improvement. Though the new method is more efficient,
the storage requirements, as evident from the number of
nodes generated, are higher for the new method as
compared to the existing method. Mean and maximum
numbers of nodes generated for both existing and new
algorithms are given in Table 4.

The effectiveness of the partitioning method employed
is demonstrated by the fact that the maximum and
average number of partitions generated by the procedure
were 4 and 1.4 for the first test and 6 and 1.8 for the
second test. As no partitioning scheme can be defined for
the algorithm presented by Dessouky and Deogun,® we
note the possibility that problem partitioning may not
only depend on the structure of the problem but also on
the structure of the procedure employed.

presented in this paper, were tested on the same job sets Table 4.
using the same machine, which makes the comparison of
the two algorithms objective. Number of nodes generated
Forthenew algorithm, Tables A.1 and A.2in Appendix Existing New
2 show detailed experimental results for the first and Testnumber  algorithm algorithm
second tests, respectively. Detailed experimental results 1 mean 13 34
for the existing algorithm can be found in Ref. 6. Table 3 max 514 899
summarizes the comparative performance of the existing 2 mean 47 81
and the new algorithms. max 540 783
Table 3. 8. CONCLUSIONS AND RECOMMENDATIONS
Limiton
Test c.omputation Performance Existi‘ng New. !’ercemage ThlS paper presents a procedure fOI' solving the N/I/F
number time measure algorithm algorithm  improvement . .
problem with unequal ready times. The procedure
20s No. of 217 217 involves partitioning the problem into subproblems, and
problems solving the subproblems by applying a branch and bound
1 z(::‘::utation technique. E;(perimental results obtained are compared
time to those obtained by Dessouky and Deogun® for the same
Mean 0.057 0.049 148 problem. The comparative performance analysis shows
Max 1.880 1.830 26 that the new algorithm presented here may be 16 to 259,
none Computation better depending upon the size of the problem and the
time distributions from which problem sets are generated.
Mean 0.112 0.083 258 However, storage requirements for the new algorithm
Max 4.610 3470 24 may be higher as compared to those of the existing
2 none Computation algorithm. Therefore, the existing method is recom-
time mended where computer storage is a critical factor.
m:i" g'ggg gggg 13'2 However, if computational efficiency is the consideration,
i : the new method should be the choice.
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J. S. DEOGUN

APPENDIX 1. PROOFS OF THEOREMS

Proof of Theorem 1

The theorem states that C; > C}. Note that for any
sequence, the idle time precedmg _]Ob s,,, I, is given by
I, = Ck - % _,p,. Since Y3, pr=3"_, p,, the state-
ment is equivalent to I,’,’ > I* The theorem is proved by
induction. For position 1, I"' < I” otherwise rf > r1 and
from theorem 4, s dominates s¥ m posmon ‘1. Assume
that I} < I7; it will be shown that H Sy

Two possxbxlmes exist: (i) Ikﬂ = It This implies
Ikﬂ =R<K<If.,. (i) Ik+1 > I* This implies R,,+1
=, >CrIfRE, > R&_thenr&_L =Ry > Ry
>RE>r1<x<k+landst, #s,1<x<k+1L
Locate within the set of jobs J = {j|j e (Sk, si+1) j ¢
(S%, sk+ ,)} ajobisuch that p; = min;p; Note that smce
ie (S, si+1), r; > rfs, and from the SPT property p; < px,
k + 1 < x < n. Therefore, R(S}) = max (r;, C¥) < r,(H
< RY.,, and from Theorem 4, i strictly dominates si, ;
in position k + 1 in S$*, contradicting the assumption of
optimality of S*. Therefore, R},; < Ri.; Since for the
SPT property

~3
+
Il
3
T*
I
™
3
= 3%
IA
2
T
!
=
",
I
=
+

x=1 x

By induction I} < IF, and C¥< CJ. ' ]

Proof of Corollary 2.1

Let r, = min, ¢, <, .. From eqn (1) and the definition of
a block, ry > C,_,(S). Denote the sequence of K in S by
Sk and its optimal sequence by S%. Theorem 1 states that

Cb__l_(SK) < CLI__I_(SK) thus Ch_l(SK) < Ty Therefore the -

conditions of Theorem 2 are satisfied. ]

Proof of Theorem 3

In any block b€ S, in the given sequence, the first job has
the smallest r; and p; of any je€ B, hence from Theorem 4
it is optlmally placed in its position within the block.
From Theorem 4, the same is true for each succeeding
job i in b, since i will have the smallest R; and p; of the
remaining jobs. Therefore, jobs are optimally placed
within b. From the definition of a block and the conditions
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on the ready times stated in the theorem, the ready time
of any job in a block will be greater than or equal to the
completion time of any job in a preceding block.
Therefore, according to Theorem 5 a job in any block is
not eligible for a position in a preceding block and no job
shifts between blocks in S will reduce the total completion
time of S. Since shifts within and between blocks will not

improve S, S is optimal. ]
Proof of Lemma 1

Lemma 1 follows directly from corollary 2.1 and Theorem
3. ' |
Proof of Theorem 7

From the statement of the theorem C(Sy) = R{(Sx) +
p; = R(Sx) + p; = C(Sk), which means that the condition
on idle times also applies to j. Let j = s, in S, where x >
h. Consider the sequence $’, where j is placed in position
k+1and all 5,€S, k+1<y<x—1 are shifted one
position later. The jobs now in positions k + 2 to x,
including i, are ordered according to SPT and each one
starts at the completion of the preceding one. Therefore,
each one is ordered optimally, conditional on the
preceding sequence. Consequently, an optimal sequence
cond_itional on (Sg, j), say §’*, will contain the first x jobs
in &’ as a front sequence with i in position & + 1. Now
switch i and j to form S'. The inequality C(Sx) < C{(Sx)
implies that C,, (%) < Cyo ¢ 1(S) Furthermore, since all
S, k +2 < y < h, are identical in both S’ and &, and no
idle time gaps exist between s,,, and s, in S', C (S‘) <

C,(§”), all y such that k +2 < y < h. Since the pamal
sequence of jobs between positions k+ 1 and A+ 1
inclusive is the same in S' and S'*, except that the first
and last jobs are switched, and since R, (S)<
Rg_(SJ ) and no gaps exist within any partial sequence,
Cy+1(5") < Cy.;(87). From this and the fact that the set
of jobs succeeding sy . ; is the same in both S and $/*, we
conclude that

Y CsMH< Y

y=h+2 y=h+2

Cy(S™),

where S'* is the optimal sequence conditional on a front
sequence S*. Therefore, C(S'*) < (§'*), which by defini-
tion means that (S, /) dominates (Sk, ). ]
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ON SCHEDULING WITH READY TIMES TO MINIMIZE MEAN FLOW TIME

APPENDIX 2

Tables A.1 and A.2 show detailed experimental results for the first

and second tests, respectively.

Table A.1. Summary of results: branch and bound—SPT procedure for n/1/F

Range of processing times

Range of ready
times 1-25 26-50 1-75 51-75 1-126 76-100 1-175 __ 101-125 1-225 _ 126-150 1-275
0-200 srsesxx 23 5 19 4 3 0 30 4 1 0 4 1 2 0 2 0 10 30
seexxaxx 12 2 36 8 2 0 76 12 1 1 22 3 2 0 27 3 10 4 1
155 46 3 1 148 37 21 9 2 10 6 1 2 1 6 1 10 5 1
217 54 6 2 15 4 2 0 5 1 1 0 5 0 1 0 2 0 10 1 0
112 37 4 1 25 4 4 1 38 6 2 0 1 1 1 1 9 2 1 0 10
Min 37 Min 1 Min 4 Min 0 Min 1 Min 0 Min 0 Min 0 Min 0 Min 0 Min 0 Min O
Max 54 Max 5 Max 37 Max 1 Max 12 Max 1 Max 3 Max 1 Max 3 Max 0 Max 1 Max 54
Mean 45Mean 2Mean 11Mean OMean 5Mean OMean 1Mean OMean 1Mean OMean O Mean 4
25-175 280 64 4 1 14 2 21 52 7 2 0 7 1 10 8 1 10 8 1
295 71 6 1 49 8 2 1 6 1 2 1 7 1 2 1 30 10 3 1
171 21 2 1 25 4 31 3 1 2 0 4 1 10 20 2 1 10
130 23 5 1 10 2 10 8 2 10 4 1 10 2 1 10 2 0
272 175 3 1 111 10 5 0 10 4 0 10 10 2 10 14 2
Min 21 Min 1t Min 1 Min 0 Min 0O Min 0 Min 0 Min 0O Min O Min O Min 0 Min O
Max 175 Max 1 Max 8 Max 1 Max 7 Max 1 Max 1 Max 1 Max 2 Max 1 Max 2 Max 175
Mean 70 Mean 1 Mean 3 Mean O Mean 2 Mean O Mean 0 Mean O Mean O Mean O Mean 0 Mean 7
50-150 215 48 20 7 1 11 31 10 10 10 31 1 0 3 1
12 2 2 0 315 20 20 00 30 1 1 30 10 31
36 8 11 6 1 11 2 1 2 0 20 10 11 10 10
7 1 9 1 19 2 2 0 4 1 10 3 1 00 10 0 1 10
7 1 30 8 1 1 1 4 0 10 2 1 20 5 1 10 11
Min 1 Min 0 Min 1 Min 0 Min 0O Min 0 Min 0O Min 0 Min O Min O Min 0O Min O
Max 48 Max 1 Max 5 Max 1 Max 1 Max 0 Max 1 Max 1 Max 1 Max 1 Max 1 Max 48
Mean 12 Mean 0 Mean 2 Mean O Mean O Mean O Mean O Mean O Mean O Mean O Mean O Mean 1
75-175 249 66 10 8 2 10 12 1 10 21 10 10 11 20
301 183 4 1 8 1 00 7 1 01 13 3 11 10 10 20
ARRARERS 3 1 6 1 10 4 0 10 10 10 2 0 00 5 1
240 67 30 9 1 11 5 1 11 4 1 10 10 10 2 1
20 3 2 1 9 2 10 3 1 10 3 1 10 20 11 20
Min 3 Min 0O Min 1 Min 0 Min 0 Min 0 Min 0 Min 0O Min 0 Min O Min 0O Min O
Max 183 Max 1 Max 2 Max 1 Max 1 Max 1 Max 3 Max 1 Max 0 Max 1 Max 1 Max 183
Mean 75 Mean 0 Mean 1 Mean O Mean O Mean O Mean 1 Mean O Mean O Mean O Mean O Mean 6
Min 1 Min 0 Min 1 Min 0O Min O Min 0 Min 0O Min O Min O Min O Min O
Max 183 Max 5 Max 37 Max 1 Max 12 Max 1 Max 3 Max 1 Max 3 Max 1 Max 2
Mean 51 Mean 1 Mean 4 Mean O Mean 1 Mean 0 Mean O Mean 0 Mean O Mean O Mean O
Number of Jobs = 20
Minimum computationtime = 0 Minimum number of iterations = 0
Maximum computationtime = 183 Maximum number of iterations = 301
Mean computation time = 4 Average number of iterations = 15
Number exceedingisecond = 12 Minimum number of nodes generated = 1
Number exceeding 1second = 9 Maximum number of nodes generated = 899
Maximum number of partitions = 4 Average number of nodes generated = 34
Average number of partitions = 1.4

Note: Fo'r each box, the first column is the number of iterations and the second column is computer time in centiseconds. The “s in columns one
and two imply that the corresponding problem was not solved in 2 seconds.

THE COMPUTER JOURNAL, VOL. 26, NO. 4, 1983

327

¥202 Iudy 01 uo 1senb Aq 0Z1./2£/02€/¥/9Z/8101e/|ulwod/woo dno-ojwapeoe//:sdiy wolj papeojumoq



J. S. DEOGUN

Table A.2. Summary of results: branch and bound—SPT procedure for N/1/F (50 jobs in each set)

Range of processing times

Range of ready
times 1-25 26-50 1-75 51-75 1-125 76-100 1-175 101-125 1-125 126-150 1-275
0-200 273 453 7 82 37 128 2 4 45 61 29 4 39 15 4 17 2 39 23 48
25-175 482 632 17 37 33 41 1 6 28 57 7 15 13 27 2 17 17 63 3 16 721
50-150 267 374 1 56 26 54 4 15 15 35 18 37 6 17 4 21 11 43 5 37 4 27
75-175 427 769 2 25 18 57 2 17 17 21 0 4 10 563 17 37 5 21 11 23 13 21
Min 374 5 11 4 21 4 17 5 17 16 21
Max 769 82 128 17 61 37 53 37 63 39 48
Mean 557 37 70 10 43 18 34 20 36 28 29
Number of jobs = 50
Minimum computationtime = 4 Minimum number of iterations = 0
Minimum computation time = 769 Maximum number of iterations = 482
Mean computation time = 80 Average number of iterations = 43
Number exceeding}second = 12 Minimum number of nodes generated = 1
Number exceeding 1second = 5 Maximum number of nodes generated = 783
Maximum number of partitions = 6 Average number of nodes generated = 81
Average number of partitions = 1.8

Note: For each range of processing time, the first column is the number of iterations and the second column is computer time in centiseconds.
The statistics, Min, Max and Mean are shown for computer time only.
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