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Let V; be the set of vertices of degree i, i = 1,2,3, in a random binary search tree. We prove that E(|V,)) = n/3+0(1),
Sor i = 1,2,3. This result tells us that the expected tree shape does not contain very long path subgraphs; thus in a sense

the expected shape tends to be balanced.
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1. INTRODUCTION

In many practical situations we construct binary search
trees (BSTs) from input sequences on-line (as they
progress in time). It is a fairly realistic assumption that
all orderings of the input are equally likely.!-2

We may consider, without loss of generality, that the
input stream is a permutation of the integers 1,2,...,n
(For definitions, properties and construction algorithms
of BSTs the reader is referred to any textbook on data
structures, for example Refs 1, 3 or 4.)

In this note, when we say random binary search tree
we mean the randomness induced on the space of trees
by considering all ! permutations of the input as equally
probable.

2. THE MAIN RESULT AND ITS
INTERPRETATION

We investigate the expected distribution of node degrees
in random binary search trees, and we show that the sizes
of the sets of nodes of degree i, i=1,2,3, are
asymptotically equivalent to n/3, n being the number of
nodes in the tree. This result tells us that the ‘expected’
tree shape does not contain very long path subgraphs,
because a tree with such a path would have a lot of nodes
of degree two and a small number or vertices of degree
one or three. Thus, in a sense, the expected shape of a
binary search tree tends to be balanced.

3. THE EXPECTED NUMBER OF LEAVES

The leaves of an unextended binary tree are the terminai
nodes encountered in any path starting at the root. Using
techniques similar to those of Hibbard,® we first find the
expected number of leaves in BSTs. The number of leaves
is obviously related to the number of nodes of degree one
in the tree depending on whether the root has degree one,
too. Similar work was done in® for the class of recursive
trees.

Definition

Let e, be the random number of leaves in a random
(unextended) binary search tree, and let E(e,) be the
expected value of this random variable. We denote E(e,,)
as E, for brevity.

Lemma 1

En=<£—;—l> for n>2 and E,=1,E =1.

Proof

When n = 1 the tree is a single node which is also a leaf
thus E;, = 1. When n=2 we have two permutatlo S
giving the trees of Fig. 1; E, is clearly equal to one.
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Figure 1. The trees corresponding to the permutations of the sef;
{1,2}
For n> 2, let ¢, {7 be the left and right subtreés
respectively. Denote by U the number of nodes of t<85
(se{l,r}). Clearly
UP+UDP =n—1.
Also, conditioned on the event (U =i—1), P ar@i
" will be distributed as #,_; and ¢,_,, respectlvelg
(1 < i< n). This results from the insertion algorithm arEi
the probability measure on permutations. (The eveﬁ‘i
(U(” = i—1) is equivalent to the event that i appears first
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in the permutation.) Hence, %

E(en|U<n“=i—1)=E(ei;1+en,i|U(n” =i-1) 8

= E(ei—l) + E(en~i) §

=E +E,; ;. g

Our basic assumption that all n-permutations are equal&
. L 1

likely implies that P(UY = i—1) =—, 1 <i < n. Ther&

n «Q

fore, the unconditional expectation of e,, is 8

1z o

E,=- z (Ei~1+En—i) g
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or ) z

nE,=2% E;,_,. 3.0

i=1 8

To solve this recurrence, compare a version of (3.1) with

n+1 replacing n with (3.1) to get
(n+1)

E, = = E,_..
The recurrence is now in a form suitable for iterative
substitution:
n+1
E, = n E,
_n+ 1 n
T n n—1""7°
n+l n n-—1
= —— — .- E
n n—1n=2"""437"
n+1
= 3 O
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4. THE SHAPE OF A BINARY SEARCH
TREE

Consider the undirected graph underlying the directed
tree. The leaves are nodes of degree one, and non-terminal
nodes may have degrees two or three as in Fig. 2. The root
may have degree one, however, since it has no ‘parent’

sielele oRe

Nodes of degree two
Figure 2. Two types of non-terminal nodes

Definition

Let V; be the set of vertices of degree i, i = 1,2,3, and let
v; be the expected number of vertices of degree i, i = 1,2,3.

Theorem
n

vy = 5+0(0),

i=123.

Proof

For any tree we have
e,+1
en

Thus the unconditional expectation E(| V;|) = v, is given

by

if the root has degree 1,
Inl=
' if the root has degree 2.

E(e, + 1)*P(the root has degree 1)
+ E(e,)* P(the root has degree 2)
= E(e,)+ P(the root has degree 1).

Using the notations of the previous lemma
P(the root has degree 1) = P(UP = 0)
+P(UP =0) = %

Thus

2 n+1 2
nEbRAL =T

4.1
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Nodes of degree three

It is well known (see Ref. 7, for example) that for any
graph G = (V, &):

Y dv)=2]8|.

vev

Here, V and & are the sets of vertices and edges and d(v)
is the degree of vertex vin G. Also, forany tree T = (V, &)
(see Ref. 7), the cardinalities of ¥ and & are related by

&l =|V|-1. 4.3)
Thus (4.2) and (4.3) for a binary tree yield

(4.2)

21 R1+31 V] = X do) =2n—1).  (44)

The fact that V is the disjoint union of V,, ¥, ¥, yields
IVil+I Ve l+1 Vsl =1V]=n 4.5)

Taking expectations of (4.5) and (4.4) together with the
notation introduced before the lemma for the expected
values, we get

v, +0,+v; =n, (4.6)
v,+20,+ 30, = 2n—2. 4.7
The linear system (4.1), (4.6) and (4.7) has the solution
ot
1 3 n7
b = n+4 4
T3
n—5 2
vy = T+’—1;

and the theorem follows []
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