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On the basis of a backtrack procedure for lexicographic enumeration of all subsets of a set of n elements, we give an
algorithm both for determining all bases consisting of functions from a given complete set in a considered subset of the
set of k-valued logical functions, and for enumeration of all classes of bases in the subset. We use the lexicographic
algorithm also for solving knapsack and minimal covering problems. A cut technique is described which is used in these
algorithms to reduce the number of examined subsets of {1, ..., n}.
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1. GENERATING ALL SUBSETS OF {1, ..., n}
IN LEXICOGRAPHIC ORDER

In this section we consider the problem of generating all
r-subsets (subsets containing r elements) of the set {1, 2,
..onpforl <r<nandforl<r<m<n We assume
that each subset will be represented as a sequence
a,a,...a,, where 1 <a,<...< a,<n.

Recall definition of lexicographic order of subsets. For
two subsets a = (a,, ..., a,) and b= (b,, ..., by,a<b
is satisfied if and only if there exists i (1 < i < g) such that
a;=b; for 1 <j < iand either a; < b, or p = i—1. This
order has an important property that enables simple
calculation with r-subsets.

Ehrlich? described a loopless procedure for generating
subsets of a set of n elements. A procedure based on Gray
code for the same problem is given in Ref. 13, where an
algorithm for generating all r-subsets (1 <r <m < n)in
lexicographic order is also proposed. Semba!® improved
the efficiency of the algorithm; we shall modify his
algorithm by presenting it in Pascal-like notation without
goto statements. Application of the algorithm for
minimal covering problems results in another modifica-
tion of the algorithm in the case 1 <r <m < n.

The lexicographic enumeration of r-subsets goes in the
following manner (for example, let n = 5):

1, 12, 123, 1234, 12345,
1235,
124, 1245,
125,
13, 134, 1345,
135,
14, 145,
15,
2, 23, 234, 2345,
235,
24, 245,
25,
3, 34, 345,
35,
4, 45,
5

The algorithm is in extend phase when it goes from left
to right staying in a row. If the last element of a subset
is n, the algorithm shifts to the next row. We call this the
reduce phase.

Every subset of {1, ..., n} is represented in the
algorithm below by a sequence j,, ..., j,, 1 <r<n,
1<j,<...< j,<n.

First we give an algorithm for generating all r-subsets
for 1 <r<n. This algorithm will be used in base
enumerations.
begin

read (n);

repeat

if j, < n then extend else reduce;
print out j,,..., J,

until j, =n
end;

extend = begin j,.,: =j,+1;r:=r+1 end

reduce = beginr: =r—1;j,: =j,+1 end.

Note that between any two printed subsets exactly two
conditions are checked j, < n and j, = n.

The algorithm for generating all r-subsets for
1 <r<m<n we modify with respect to its use in
minimal covering problems.
begin

read (n); r: =0;j,: =0;

repeat
if j, < n and r < m then extend else cut;
print out ji,..., j,
until j, =n
end;

extend = begin j,.,: =j,+1;r:=r+1end

reduce = beginr: =r—1;j,: =j,+1 end

cut = if j, < n then j,: = j,+1 else reduce.

Besides extend and reduce phases we use in the
algorithm a new phase called cut. The phase will be used
when the algorithm goes from one subset to a subset in
a lower row (not necessarily in the subsequent row),
skipping several subsets (when the number r of elements
in these subsets is greater than m).

r:=0; j:=0;

2. FUNCTIONAL COMPLETENESS AND
ENUMERATION OF BASES

In this section we describe an application of our
lexicographic algorithm to base enumeration for a subset
of the set of k-valued logical functions.

Let E; ={0,..., k—1}. The set of k-valued logical
functions, i.e. the union of all the functions {| E} — E,
forn=0, 1, 2, ...} is denoted by P, is said to be closed
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if it contains all superpositions of its members (cf. Refs.
4, 5 and 16). For closed sets F and H such that Fc H
(proper inclusion), Fis H-maximal set if there is no closed
set G such that F < G c H. A subset X of H is complete
in H if H is the least-closed set containing X. If the
number d of H-maximal sets is finite a subset of
functions in H is complete in H if and only if it is not
contained in any one H-maximal set (completeness
condition) (cf. Ref. 5). Investigations of completeness and
related topics, which are usually called functional
completeness problems, are directly related to logical
circuit design, and they have a wide area of applications
in addition to their mathematical importance.

A complete set X in H is called a base of H if no proper
subset of X is complete in H. A set of functions
F={f,,..., fs} is called non-redundant in H, if for each i,
1 <i<s, there exists an H-maximal set H, 1<j<d
which does not contain f;, while all the other functions
fill=1,...,s,1+# i)are elements of H; (non-redundancy
condition). From these definitions it follows that a
complete non-redundant set is a base. We call non-
redundant incomplete sets simply addable. The rank of a
base (addable set) is the number of its elements.

We classify the set H of functions into non-empty
equivalence classes by using all its maximal sets as
indicated below. Then we can discuss the completeness
properties in H in terms of these classes instead of
individual functions; if a set is complete (non-redundant),
replacing a function in the set by any function in the
corresponding equivalence class yields another complete
(non-redundant) set.

The characteristic vector of feH is c,...c;, where
¢;=0if fe H; and ¢; = 1 otherwise (1 < i < d). When-
ever it is possible to avoid confusion we call
characteristic vectors simply vectors. All functions fe H
with the same (characteristic) vector form a class of
functions. For a base its class of bases is the set of classes
of functions for functions belonging to the base.

The conditions of completeness and non-redundancy
of a set of (classes of) functions F can be conveniently
expressed by using characteristic vectors of (classes of)
functions belonging to F. We can say that a base
corresponds to a minimal cover of 1...1 (unit vector),
and a non-redundant set corresponds to a minimal cover
of some non-unit vector (in which some 0s may occur;
we except null vector).

We define bitwise or operation v for characteristic
vectors in the following way:

(ay,....ap) v (a],....a5) = (a; vV a},...,a} v ay).

Criteria for the completeness and non-redundancy of a
set a,,..., a, of characteristic vectors are respectively
the following:

(1) av...va,=1...1 (completeness)

@.1)

@avVv..va_,Vva,Vv..Va #a V..V a,
for eachj =1, ..., r (non-redundancy). (2.2)

Thus any set containing null class (whose vector is
0...0)is redundant. Addable sets are non-redundant, but
not conversely.

If we have a complete list of characteristic vectors for
non-empty classes of functions of a set, we can enumerate
all its classes of bases.

66 THE COMPUTER JOURNAL, VOL. 31, NO. 1, 1988

As an example, assume a set M contains 4 maximal sets
M,, M,, M;, M, and 6 classes of functions: (1) 0011; (2)
0100; (3) 1000; (4) 0010; (5) 0001; (6) 0000.

For instance, class 1 is the set M, N M, n M, n M,,
where X = M\ X (complement set).

M has exactly two classes of bases: {1, 2, 3} and {2, 3,
4, 5}. We consider the class {1, 2, 3}. Bitwise or for the
set results 1111 (completeness). Bitwise or for the set
{1, 2} results 0111, for the set {1, 3} results 1011 and for
the set {2, 3} results 1100 (non-redundancy).

The set {1, 3, 4} is redundant, because bitwise or for the
sets {1, 3, 4} and {1, 3} are equal (to 1011).

3. THE LEXICOGRAPHIC ENUMERATION
OF BASES AND CLASSES OF BASES

Let d and n denote the numbers of maximal sets and§
functions or classes of functions respectively. Then we 2
are given n vectors with length d, indexed by 1, ..., n. 2

To perform an exhaustive enumeration of classes of %
bases we should enumerate every r-tuple of vectors o
ay,...,a,foreachr =2, ..., d (for r = 1 it s trivial) and =
check the completeness (2.1) and redundancy (2.2)15
conditions for them (rank r base criteria). However, this 5
direct method does not work because of too many r-tuples 3
to be generated. Suppose we are enumerating r vectors o
a,, ..., a, for checking the base criteria. Instead of &
enumerating whole r vectors and checking criteria for 2
them, we will inspect i-tuple of vectors a,, ..., aig
incrementary fori = 1, ..., r, and at each ith stage we will 3
certify (by examining simple conditions) that this i-tuple 8
can or cannot be included in a rank r base (addable set).
This idea of incremental check can be conveniently
implemented in the lexicographic enumeration of subsets.

The lexicographic algorithm enumerates classes of
bases and addable sets for every rank at the same time.
Moreover, the maximal ranks of bases and addable sets
are automatically given as a result.

Suppose we are enumerating taken r elements out of
n objects stored in an array consecutively, i.e. a(l), ...,
a(n). The selected indexes are to be stored in an array j
asj, ....jp 1 <j;<nforeachi, 1 <i<r.

Suppose we are examining taken r-subset a(j), ...,
a(j,), where selected indexes are stored in an array j as j,
s Jp 1 €J3 <... <j, < nand a(i) denotes a;. There are
three possible cases after the examination: redundant,
base and addable set (i.e. non-base and non-redundant).
The enumeration of subsets in lexicographic order can be
controlled in the following manner.

If a r-tuple is either redundant or base it is unnecessary
to extend it to r+ 1-tuple, since adding a new vector to
them will result in redundancy; in the former case the
r-tuple is already redundant and in the latter it is already
complete. Hence in these cases we can bypass the
lexicographic enumeration of subsets to an appropriate
point. The next subset is j,, jy, ..., jr_y, jy+1 if j, # n;
otherwise it is the next subset in lexicographic order and
the bypass effects nothing. Thus only the remaining
addable case can be extended.

As an example we consider the same set M as before.
The class 6 (null class) is omitted. In this case n = 5 and
d=4. The notions extend, reduce, cut, ‘redundant’,
‘base’ and ‘addable’ we denote simply bye,r,c,n, b, a
respectively.
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{1}—a,e; {l1,2}—a,ce;
{1,2,4}—n,c;
{1,2, 5}—n,c,r;
{1, 3}—a,e; {l,3,4}—n,c;
{1, 3, 5}—n,c,r;
{1,4}—n, c;
{1, 5}—n, c, ;
{2}—a,e; {2,3}—a,e;
b, c,r;
{2,3, 5}—a,r;
{2,4}—a,e;
{2,5}—a,r;
{3}—a,e;
{3, 5}—a,r;
{4}—a, e;
{5}—a.
We can write our algorithm as follows. Let b, be the
number of (classes of ) bases of rank r.
begin
readn, d, a(i),i: =1, n;r:=1;j,: =1,
repeat
if a(j)), ..., a (j,) is addable
thenif j, <n
then extend
else reduce
else begin
if a(j,), ..., a(j,) is a base then b,: = b,+1; cut;
end
until j, = n;
printout b, 1 <i<d
end.
In the algorithm extend, reduce and cut are defined as
before.
Note that the last set {n} is not checked in the algorithm.
It can easily be done before printing results.

{17 25 3}_b5 C,

{2, 3’ 4}—3, € {2’ 3a 4’ 5}_

{2,4,5}—a,r;

{3’ 4}_a’ € {3, 4’ 5}—3, r;

{4, 5}—a,r;

4. REDUNDANCY CHECKS

We describe a technique (called bitwise pivotality checks)
to reduce the computation in redundancy checks.

Suppose we are checking redundancy of a,, ..., a, (for
simplicity we write a; for a(j;)). For every redundancy
check we know that a, ..., a,_, are included in the tuple
which we examined just before (only a, is a newly added
vector). Thus we can assume that we already have
R,=a,v...va,for1 <k<r—1inan array R (for a
convenience we add R, and assume R, = 0).

The redundancy condition for the r-tuple can be
formulated in the following way (we use a variable B to
reduce the number of bitwise or operations).

Forr > 2.

R, =R, ,Va,and R,_, # R,, 4.1)
B =BV a,, (initial B = 0) and
Ry ,VB#R . fork=r-1,...,1 4.2

Forr=1.
a, is addable if it is neither null vector nor unit vector
(if a, is a unit vector then it is a base)

Table 1.

The program checks (4.1) and (4.2) fork=r, ..., 1;
k = 2 in this order, and whenever a condition is not
satisfied the check ends immediately with redundancy
result.

For a rank r redundancy check we need at most r
comparisons and at most 2r — 1 bitwise or operations.

If the number of components d in vectors g; is less than
the number of bits (usually 16 or 32) of given computer
it is possible to represent a vector a; by an integer number
¢;+2-¢c,+ ... +2%1-¢,, where ¢c,...c, are the compo-
nents of the vector a;. In the redundancy check we can
treat these vectors as integer numbers because or
operation between integer numbers is defined as a
machine instruction or between corresponding compon-
ents of their binary notations.

Otherwise bitwise or can be realized with (characteri-
stic) vectors as an array of d elements. However, in this
case there is another technique called counter-redund-
ancy check which is proved faster as well.

In the check of redundancy we use two auxiliary
sequences s5; (1 <i<d) and p; (1 <i<r). s; is the
number of units in the ith position in the vectors p(j,), ...,
pGr—1). The sequence p,, ..., p, has the following
property: p;th position of each vector is equal to 1 only
for p(j;) (it is equal to 0 for the vectors p(j,), 1 <t <r,
t#i).

The lexicographic algorithm presented can also be
supplemented with this technique.

Note that the algorithm with bitwise redundancy check
using machine command is proved to be about twice as
fast (when n is about 500 and dis about 15) than one with
counter-redundancy check.

Applying this algorithm, classes of bases for several
subsets of P, are determined (cf. Ref. 12).

P, has exactly 18 maximal sets> and 406 classes of
functions?®-'®. We present the numbers of classes of
bases of P, of each rank in Table 1. The lexicographic
enumeration algorithm with this bitwise redundancy
check requires about 16 minutes computer time (the
computer FACOM M380 is used). The total number of
examined tuples is N = 194759642 for the classes of
functions sorted according first to the number of units
in the vector, and then sorted lexicographically within
the same group. Bearing in mind the total number of
subsets 21% we can calculate the efficiency of cut
technique in this case. The program generates in the
average 4.41-tuple and consumes in the average 2.17
bitwise or operations to recognize whether it is a base,
addable or redundant (bitwise redundancy check is used).
Note that computer time depends on the order of
characteristic vectors.

5. APPLICATION OF THE BASE
ENUMERATION ALGORITHM

Kabulov® considered the following problem. Given a
complete set F of functions from P, together with the
Boolean matrix displaying the relation € between the

Rank 1 2 3

5 6 z

Bases 1 8265 794256

4612601

810474 141124 6239721
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members of F and maximal sets in P, (i.e. with
characteristic vectors of functions in F), determine all
bases composed from functions of the set F. He described
a method, using Boolean expressions, to solve this
problem.

We can apply the same algorithm decribed in section
3 to this problem, because each function is represented
by its class of functions. The output in this case is exactly
bases instead of classes of bases. Note that in the
considered application several functions may have the
same characteristic vector. However, they compose
different bases.

Our algorithm can be used to calculate the number of
(classes of) bases composed from vectors m+1, ..., n at
the same time (for a given m < n), because in the
lexicographic order we examine first all subsets contain-
ing vector 1, then all subsets containing vector 2, etc.

In Refs. 9, 14 and 20 procedures for determining the
number of bases of P, consisting of n-ary functions are
described and computational results forn =2 and n = 3
are obtained. There exist no formulae for numbers of
n-ary functions in some classes of function of P,, because
the number of n-ary monotone functions in P, is not
known. We present another approach to this problem. It
is divided into several subproblems.

(1) determination of classes of functions for considered

set (not limited to P,),

(2) determination of the number of n-ary functions in
each class,

(3) determination of all classes of bases,

(4) determination of numbers of bases containing
n-ary functions (or functions with at most n
variables).

The methods presented in Refs. 9, 14 and 20 use only
step (4) for P,. Our method can be applied for solving (3)
assuming that (1) is already solved. Also, our algorithm
can be applied for solving (4) assuming that (2) is solved
by applying another procedure. Note that (2) can be done
without solving (1) because for each function f we can
determine a corresponding class of functions. It is
sufficient to check inclusion of fin each maximal set of
considered closed set; such procedure can be easily
written using description of maximal sets!®. In this
manner we can determine classes of functions containing
n-ary functions. We can apply our algorithm to count
bases. We obtain the number of bases containing n-ary
functions in a class of bases by multiplying the numbers
of m-ary functions in the classes of functions which
compose the base, whenever a class of bases is found.
During this procedure we can also enumerate classes of
bases consisting of classes of n-ary functions.

Following this description we determined the number
of bases of Boolean functions composed from n-ary
functions for n < 4. The data obtained are presented in
Table 2. For n = 2 this result is derived by Wernick,?°
and for n = 3 by Kudielka and Oliva®. Note that the set
P, of Boolean functions contains 5 maximal sets!s, 15
classes of functions%3 2nd 8 and 42 classes of bases -8,

Table 2.

n 2 3 4

Bases 32 6664 275790502
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6. MINIMAL COVERING PROBLEM

Minimal covering problem is a famous combinatorial
problem and there exist a list of solutions for it (cf. Refs.
17 and 21). We will give a solution using the lexicographic
enumeration of subsets.

The minimal covering problem is the problem of
minimising the objective function x, + ... + x,, subject to
constraints

(g ooy x)A=(, .. 1) (6.1)

where 4 = [a;;] is an n x d coefficient matrix with a;; = 0
or 1, and each variable x; is 0 or 1 for each .

We will introduce some new notions in order to give
a new solution for the problem and to show connection
between minimal covering problem and base
enumeration.

A vector (xy, ..., x,) satisfying (6.1) is called complete Y
for A. We call a vector (x,, ..., x,) non-redundant in 4 3
if

Xy cees X )A> gy oo V) A

is valid for each vector (y,, ..., y,) for which y; < x; for
each i, 1<i<n and y,+...4y, <x;+...+x, i
satisfied.

A vector (x,, ..., x,,) is called base in 4 if it is complete
and non-redundant in 4. Non-redundant non-complete
vectors we call simply addable. The rank of a base
(addable set) (x,, ..., x,) is the sum x;+... +x,. Thus 3 °
minimal covering problem is the problem of finding av
base in 4 with minimal rank.

There is another definition of minimal covering 5 S
problem’. For a given collection C of subsets of a finite 5
set and positive integer r < |C| decide whether C = =
contains a cover for S of size r or less, i.e. a subset =
C’ < Cwith | C’| < rsuch that every element of .S belongs
to at least one member of C’. This problem is exactly to
find a base with rank r or less, if we represent a subset
by n bits characteristic vector. Karp’ proved that this
problem is NP-complete.

The notions of addable sets, bases and rank have
almost the same meaning in both base enumeration and
minimal covering problem. Minimal covering problem
corresponds directly to finding a base with minimal rank.
This we can modify our algorithm so that once we find
a base with rank r no subset of rank >r will be
considered further.

In the presented branch and bound algorithm a(i)
denotes the ith row of matrix 4 (1<i<n), i
a(i) = (a;;, ..., a;,). We suppose that minimal rank of
bases (solution of our problem) is between 2 and n—1 to
make our algorithm shorter. It is easy to improve our
algorithm to deal with these cases. Also some techniques
for eliminating some rows or columns (cf. Ref. 17) can
be applied before running the algorithm.
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begin
readn, d, a(i), i: = 1, n; minrank: = d;r. = 1;j,: = 1;
T:={1};
repeat
if a(j)), ..., a(j,) is addable in A

then if j, < n and r < minrank — 1
then extend
else cut

else begin

if a(j,), ..., a (j,) is a base in A then
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begin
minrank =r;
£ =y o b
end;
cut

end
until j, = n or minrank = 2;
print out minrank, T
end.
extend and cut are defined as before. Note that T
corresponds to a solution (x,, ..., x,) of minimal
covering problem so that x; = 1 if and only if je T.

7. KNAPSACK PROBLEM

An input for the knapsack problem consists of integer
numbers a,, ..., a,, C. The problem is to find a subset
T of {1, ..., n} to maximise X ,,a; subject to the
requirement that X, ,a; < C. A more general formula-
tion of the knapsack problem has more applications than
this. Namely the input consists of C and two sequences
a,, ..., a, and p,, ..., p,. The problem is to maximise
Y ,erD; subject to the restraint X, ra; < C where 7, as
before, is a subset of the indexes.

We give a solution for a more general knapsack
problem based on the lexicographic order of subsets.
Elements i that are a; greater than C should be eliminated.
In the presented algorithm a(j;) denotes a;,.
begin

readn, d, a;,, p;, i =1, n;

ri=1;j,:=1; maxsum: = p,;; T: = {1};

repeat

S:=a()+...+a(,);
ifS<C
then begin
P:=pG)+ ... +p0,);
if P > maxsum then begin
maxsum: = P,

T: =4, -5y}
end;
if j, < n then extend else reduce
end
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