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Gallier' generalised the notion of consistency in studying the sufficient conditions for the existence of optimal fixpoints.
Chen’ introduced the notion of <-relatedness in investigating some fixpoints for the class of non-deterministic recursive
programs. In this paper, it is proved that the notions of <-relatedness and consistency are equivalent for the class of

multi-valued functions.
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1. INTRODUCTION

The notion of consistency was first proposed by Manna
and Shamir® in their study of the optimal fixpoints
for the class of deterministic recursive programs with
domains that are flat partially ordered sets. Two single-
valued functions are said to be consistent if, when they
are defined, both are defined with the same value. They
defined the optimal fixpoint as the greatest element of the
set of consistent fixpoints, and showed that the optimal
fixpoint is the best fixpoint semantics for the deterministic
recursive programs.

Gallier' generalised their concept of consistency to
arbitrary partially ordered sets. His generalisation is:
two functions are said to be consistent if their least upper
bound exists.

In his recent study of the various types of fixpoints for
the class of non-deterministic recursive programs,
Chen® introduced the notion of <-relatedness to extend
Manna and Shamir’s consistency to the class of multi-
valued functions. This notion of <-relatedness plays a
fundamental role in the study of the various fixpoint
semantics of non-deterministic recursive programs.
In this paper, we are going to show that the notions
of <-relatedness and generalised consistency are
equivalent for the class of multi-valued functions. Our
result justifies Chen’s® definition of optimal fixpoint
for the class of non-deterministic recursive definitions,
as his optimal fixpoint is identical to the greatest
element of the set of <-related fixpoints.

2. PRELIMINARIES

In this section, we recall some basic definitions and
establish our notation.

In this paper, D is used to denote a flat domain with
bottom, w, which stands for undefined. SF(D) is used to
denote the set of all single-valued functions from D into
D, while MF(D) is used to denote the set of all multi-
valued functions from D into 2°\ ¥. For any fe MF(D)
and de D, we use {f(d)} to denote the set of all possible
images of f{d). fld) represents an element of { {d)}. For
any f and g of MF(D), f = g if { f{d)} = {g(d)} for every
de D. For any set S, lub (S) denotes its least upper bound
if the latter exists.

As a reminder, a partially ordered set (S, <) is said to
be flat if there exists a€ S such that a < bforall be S, and

* This paper is a revised version of On Consistency of Non-
determinism, Technical Report TR-A4-84, Centre of Computer Studies
and Applications, University of Hong Kong, Hong Kong.

no two distinct elements ¢ and d of S for which ¢ % g and
d + a are related by <.

Now, let us state the less defined or equal ordering and
the Egli* ordering.

Definitions

(1) Less Defined or Equal Ordering

< on D is defined as w < a and a < a for every aeD.
(2) Egli Ordering

< on (2°\Q) is defined as for any S, S,e(2°\J),
S, < S, if Vae S, 3be S,[a < b] and Vbe S,3ae S;[a < b].

In fact, (D, <) is a flat partially ordered set. In this
paper, the same symbol < is used for both the less
defined or equal ordering and the Egli ordering, however,
there should be no confusion as the context will clearly
indicate which ordering is meant. Also, whenever
appropriate, we may use the following equivalent form
of Egli ordering:

S, < S, if and only if either we S, andS, < (S, U {w}),
orw¢S, and S, = S,.

Now, we are going to extend the Egli ordering to
MF(D) as follows:

Definition

For any f,ge MF(D),f < g if {f(d)} < {g(d)} for every
deD.

Manna and Shamir’s notion of consistency is defined
as follows:

Definitions

(1) a and beD are consistent, if @ and b are identical
when both are not w.

(2) f and ge SF(D) are consistent, if fid) and g(d) are
consistent for every de D.

(3) Let S be a non-empty subset of SF(D). S is said to be
consistent, if fand g are consistent for every f, ge S.

Gallier generalised Manna and Shamir’s notion of
consistency with the following definition:

Definition

Let (P, <) be a partially ordered set. A non-empty subset
Q of P is said to be consistent if lub (Q) exists.
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It is easy to show that this definition is equivalent to
(3) of Manna and Shamir’s definition when P is a flat
partially ordered set.

Now, we are going to present our notion of <-
relatedness.

Definitions

(1) 4 and Be(2°\ () are <-related, if Yae A3be Bla <
bvb < a]and Ybe Blac A[b < aVva<b]

(2) fand ge MF(D) are <-related if { f(d)} and {g(d)} are
<-related for every de D.

(3) Let S be a non-empty subset of MF(D). S is said to
be <-related, if f and g are <-related for every f,
ges.

It is obvious that (2) of the above definition is
equivalent to (2) of Manna and Shamir’s definition in the
case in which {f{d)} and {g(d)} each contain a single
element, for each de D.

3. MAIN RESULT

In this section, we are going to establish the equivalence
between <-relatedness and generalised consistency for
the class of multi-valued functions. As a reminder, D is
used to denote a flat domain with w as its bottom element
throughout this paper.

First, let us present some properties of < -relatedness.

Lemma 1

Let S ¢ MF(D) be non-empty and <-related. For any
de D and fe S, if w¢{f(d)}, then {g(d)} < {f(d)} for every
ges.

Proof

For any de D and ge S, we have

(1) Assume we{g(d)}.
For any be{g(d)}, there exists ae{f(d)} such that
a<borb<a. If bis not w, then b is a because
w¢{f(d)}. Therefore, ({g(d)}\{w}) = {f(d)}. Thus,
{g(d)} < {fld)}.

(2) Assume w¢{g(d)}.
For any ae{f(d)}, there exists be{g(d)} such
that a<b or b <a. Since wé¢({f(d)} U{g(d))),
a is b. Therefore, {f(d)} = {g(d)}. Similarly, it
can be proved that {g(d)} = {f(d)}. Therefore,
{gd)} <{fld)}. A

By Lemma 1, we have the following property:

Lemma 2

Let S « MF(D) be non-empty and <-related. For any f,
geSanddeD,ifw¢({fld)} U {g(d)}) then {f(d)} = {g(d)}.

Proof

It follows immediately after Lemma 1. W

Before we show the equivalence between the existence
of least upper bound and <-relatedness, we need the
following lemma.

Lemma 3

Let f, g, h be any elements of MF(D). If g <f and
h < f, then g and h are <-related.

Proof

For any de D, we have
(1) Assume we{f(d)}.
It follows from the definition that we{g(d)} and
we{h(d)}. Obviously, {g(d)} and {h(d)} are <-
related.
(2) Assume w¢{f(d)}.
(1) Assume w¢({g(d)} U {h(d)}).
Since {g(d)} = {(d)} = {h(d)}, {g(d)} and {h(d)} are
obviously <-related.
(i) Assume we({g(d)} U {h(d)}).
If we{g(d)} and we{h(d)}, obviously {g(d)} and
{h(d)} are <-related. Without loss of generality,
it is sufficient to consider the case that we{g(d)}
and wé¢{h(d)}. Since {h(d)} ={f(d)}, we have
{g(d)} = ({h(d)} U{w}). Obviously, Vae{g(d)}Ibe
{h(d)}[a < b]. However, we{g(d)} implies Vbe
{h(d)}Jae{g(d)}[a < b]. Therefore, {g(d)} and
{h(d)} are <-related. W
Now, we are going to show that <-relatedness is a
necessary and sufficient condition for the existence of the
least upper bound.

Theorem 1

Let S « MF(D) be non-empty. Sis <-related if and only
if lub (S) exists.

Proof

(1) Assume lub (S) exists.
For any f, ge S, we have f<1lub(S) and g < lub
(S). By Lemma 3, fand g are <-related. Thus, S is
< -related.
(2) Assume S is <-related.
Because of Lemma 2, we can construct f, in such
a way that for any deD, if S has a f such that

w¢{fld)}, then {f(d)} = {f(d)} else

{id)} = U, {fid)}.
We are now going to show that f, is actually the
lub (S).

For any deD, if there exists geS such that
w ¢{g(d)}, it follows from the definition of f, and
Lemma 1 that { {d)} < {g(d)} = {f,(d)} forevery fe S.
Otherwise, it follows from the definition that for
every feS, {fld)} <{/,(d)} because {fld)} = {f,(d)}.
Therefore, we have f<f, for every feS, that is,
f, is an upper bound of S.

Let g be any upper bound of S. For any de D, if
there exists f€ S such that w ¢ { f{d)}, it is obvious that
{f(d)} = {fAd)} < {g(d)}. Otherwise, it follows from
the definition that { {d)} = ({g(d)} U {w}), for all fe S.
Therefore,

U {fd)} = ({g(d)} U {w}).

fes
By definition,
{/(d)} = U {fld)} < {g(d)},
fes
as weU, {fd)}.
Therefore, f, is equal to lub(S). W
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Thus, we have proved that the notions of <-relatedness
and generalised consistency are equivalent for the class
of multi-valued functions with domains that are flat
partially ordered sets.
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Announcements

31 MaY TO 2 JUNE 1991

First Language International Conference

in association with the University of Copen-
hagen, Elsinore, Denmark

_ Call for Papers

‘Training, talent and experience’: aspects of
the teaching of translation and interpreting

The conference is planned for 31 May to 2
June 1991 at the LO Conference Centre,
Elsinore, Denmark.

Within the topic of the Conference parti-
cipants are invited to give sectional papers of
30 minutes. The organisers are primarily
interested in questions of contents and prin-
ciples rather than syllabus, as long as it is
borne in mind that reference is made to
application in teaching practices.

The organisers suggest the following sub-
themes for papers.

® Art, craft (and luck) in translation and
interpreting

Interpreting and translation, similarities
and differences

Interpreting, consecutive

Interpreting, simultaneous

Translation and terminology

Literary and technical translation
Machine translation

Translation critique and translation train-
ing

Individual and institutional work

The organisers are willing to consider case
studies as well as papers with a theoretical
approach. Work in progress is encouraged.
The organisers are open to suggestions for
other themes, but also reserve the right to
cancel any of the suggested sub-themes.

Submissions for papers, containing an in-
formative title of up to ten words, and a one-
page summary, should be sent to Professor
Cay Dollerup. Papers will be screened and
information about acceptance will be for-
warded within two months. For the actual
conference there will be a request for a five-
line summary in order to make for easy
overview of the contents.

For further information contact :

Professor Cay Dollerup, Centre for Trans-
lation Studies and Lexicography, University
of Copenhagen, Njalsgade 80, DK-2300
Copenhagen S, Denmark.

22-24 ApriL 1991

International Conference on Achieving Quality
in Software

Scuola Superiore di Studi Universitari e di
Perfezionamento ‘S. Anna’, Pisa, Italy

The Conference

The increasing demand for high-quality, low-
cost software is facing a fairly heterogeneous
spectrum of supply: a cornucopia of com-
puter-aided methodologies and tools are ready
for the software developer.

Design approaches range from ‘common-
sense’ practical, through semi-formal (in the
sense of ‘using forms’) and formal, up to the
‘fabulous’, yet always promising algebraic
techniques. All these approaches and tools
need a way to be compared, possibly integrated
and made practical to use.

As functional and performance require-
ments alone are no longer sufficient to make a
software product acceptable, the multi-di-
mensional concept of quality requirements
may be able to help software technology in a
way before unseen.

Achieving software quality (how much of
it?at what cost?) may be the unifying guideline
for a variety of tools and methods, and may
provide the criterion for their comparison, as
well.

This conference has the ambitious goal of
developing a clear picture of the state of the
art in software quality and of stimulating
proposals about incorporating, adjusting,
evaluating and certifying quality attributes in
software products.

All the related topics and problems are
addressed, including:

@ quality metrics

@ design for inspectability

@ design for testability

@ program-proving versus testing

® V&V in concurrent and parallel systems
@ certification
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@ significant case studies
@ user and developer perspective of quality

Conference Organisation

Conference Chairperson

Paolo Ancilotti, Scuola Superiore di Studi ¢

Universitari e di Perfezionamento ‘S. Anna’,
Pisa, Italy.

Organising Committee
Chairperson

Piero De Risi, Consorzio Qualital, Pisa, Italy.

Local Arrangements and Treasurer

Ettore Ricciardi, .LE.I-C.N.R., Pisa, Italy.
Tel: +39.50.553159; fax: +39.50.554342;
telex: 590305 IEICNR I; E-mail: FUSANI at
ICNUCEVM.CNUCE.CNR.IT.

Conference Secretariat

Sandra Lorini, c/o Consorzio Qualital, Piazza
del Pozzetto 9, 56127 Pisa, Italy. Tel:
+39.50.541751-2; fax: +39.50.541753: E-
mail: FUSANI at ICNUCEVM.CNUCE.
CNR.IT.

The Conference Proceedings will be edited
and published by a major publishing house
and will be distributed to the conference
participants.

16-18 SEPTEMBER 1991

Third International Conference on Software
Engineering for Real-time Systems

Cirencester

The Third International Conference on Soft-
ware Engineering for Real-time Systems is to
be held at the Royal Agricultural College,
Cirencester from 16 to 18 September 1991.
The Conference is being organised by the
Institution of Electrical Engineers (IEE). It
will cover the theoretical developments and
practical implementation of real-time software
systems, including the application of multi-
processors and parallel computing.

For further information contact: Conference
Services, IEE, Savoy Place, London WC2R
OBL, UK. Tel: 071-240-1871, ext. 222.
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