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In this paper we will study the problem of drawing graphs with a minimum number of slopes. We will

show that the minimum number of slopes needed to draw a complete graph of n vertices is n. We will

also prove that for a complete graph of n vertices to be drawn using only n slopes its vertices must form

a convex polygon. Finally, we will present an algorithm which checks whether a complete graph of n
vertices can be drawn using only slopes from a given set of n slopes.
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1. INTRODUCTION

Pictures are often more useful than words in illustrating
ideas. It is said that ‘A picture is worth 1000 words.’
Whether pictures are drawn neatly or not has a great
impact on overall quality of documents.

More and more people are preparing documents with
the help of document preparation systems. However,
difficulties in handling pictures constitute a serious draw-
back in most, if not all, of the available document
preparation systems, e.g. (Knuth, 1984) and TROFF
(Ossanna, 1979). There are many means to incorporate
pictures in documents. One common approach to type-
setting pictures within a document involves using a
special graphic font. This font contains tiny line segments
as its character set. Pictures are drawn by putting those
tiny line segments in appropriate positions. LaTeX
(Lamport, 1986), a TeX macro package which is one of
the most popular typesetting systems, only allows lines
with slopes a/b, with 1<]|al,|b]<6 and, of course,
horizontal lines and vertical lines. Thus when a typeset-
ting system similar to LaTeX is used, one can easily see
the zigzag pattern in some lines. Lines with different
slopes have different visual appeal. Some lines look
prettier than the others. Only lines with certain slopes
appear smooth. This is illustrated in Figure 1.

To make pictures attractive, it is often desirable to
draw them with only ‘pretty’ lines. Most pictures which
are included in documents are actually graphs which
represent some abstract ideas. A graph is a set of vertices
(dots) together with a set of edges (line segments whose
endpoints are vertices). Graphs are usually used to
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FIGURE 1. Lines with slopes 1 to 10 (LaTeX).

* Correspondence to J.-H. Chu.

convey some abstract ideas, therefore where we place
the vertices is often irrelevant. Thus, we can freely move
the vertices around. By doing so, we may be able to
draw pictures with only ‘pretty’ lines.

There have been some works (e.g. Batini et al., 1986;
Rowe and Davis, 1987; Tamassia et al., 1988) which
concentrated on how to draw trees and graphs with a
nice structural outlook. There were no attempts made
to ensure that only ‘pretty’ lines were used. There were
also some results discussing the slope problem in certain
types of graphs (Czyzowicz, 1989, 1991; Battista et al.,
1990; Czyzowicz et al., 1990a,b).

In this paper, first we investigate how many different
slopes are needed to draw a complete graph. We define
the slope number of a graph G, denoted by /G/, as the
minimum number of slopes required to draw G. We
assume we want to draw graphs which consist of a set
of vertices and a set of edges which connect the vertices.
We will also assume that the edges are straight line
segments. Edges are allowed to intersect, but not to
overlap. Later in this paper, we address another interes-
ting question, which is to decide whether it is possible
to draw a complete graph using only slopes in a given
slope set or not.

2. SLOPE NUMBER OF COMPLETE GRAPHS

A graph is complete if there exists an edge between every
pair of vertices. We will denote a complete graph of n
vertices by K,,.

We would like to answer the question whether a K,
can be drawn using only slopes from a given set S or
not. We first have to know whether S has enough slopes
or not, i.e. we must find /K,/ first. Let us present a few
useful lemmas before we try to find /K, /.

LemMa 1. In a drawing of a K, all edges that share
the same vertex must have different slopes.

Proof. Suppose v;v; and v;v, have the same slope.
Since we are dealing with a complete graph, the edge
v;v, exists, and has the same slope as v;0; and v;v;. It is
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Vo

FIGURE 2. Slope of edge vov, cannot be used by v;.

obvious that we cannot draw these three parallel edges
without overlapping. O

This lemma can also be restated as ‘In a drawing of
a K, each slope can be used by any vertex at most once’.

Lemma 2. /K,/=n, for n>=3.

Proof. 1In Figure 2, the vertices are chosen based on
the following criteria:

1. Vertex v, is the leftmost vertex (the lowest one if there
are ties).

2. The (signed) angle between the y-axis and edge vov,
is the smallest among all the edges incident to v,.

3. The (signed) angle between the y-axis and edge vyv,
is the second smallest among all the edges incident
to vg.

If the slope of edge v,yv, is also used by v,, say by edge
v,v;, then v; must fall in the dashed line. However, as v;
must be connected to vy, no matter waich part of the
dashed line vertex v; falls in, it violates one of our
selection criteria for vertices v, v, and v,. Therefore, we
conclude that the slope of edge v,v, cannot be used by
v;. And from Lemma 1 we know that each vertex uses
n—1 different slopes. Hence at least n different slopes
are needed to draw a K,,. O

We now present a canonical way to draw a K,,. A K,
can be drawn by placing its vertices evenly spaced on
the unit circle such that the point (0, —1) is always a
mid-point of an edge. The vertices are labeled
Vg, Uy, .., Uy—q 10 a clockwise order. When n is odd, v, is
the top most vertex. When n is even, v, is the right one
of the two top vertices. A K, drawn this way is called a
canonical drawing of the K,. Two examples of canonical
drawing are shown in Figure 3.

LemMma 3. /K,/<n.

Vo

Ve n

Vs v2

Vyq v3

FIGURE 3. Canonical drawings of K, and Kg.

Proof. We observe (and can show it algebraicly) that
only n distinct slopes are used in the canonical drawing
of a K,, no matter whether n is odd or even. Thus

/K, <n. O
THEOREM 1
0 n=1
/K,/=<1 n=2
n n=3

Proof. The cases of n=1 and n=2 can be trivially
seen. From Lemma 2 and Lemma 3, we conclude that
/Kul =n. O

3. DRAWABLE COMPLETE GRAPHS ARE
CONVEX

Whether a K, can be drawn using a set of n slopes can
be decided by assigning every edge a slope and checking
whether the drawing is drawable. We say a slope assign-
ment is drawable if the corresponding drawing exists.
We now face the following two problems.

1. How to check the drawability of slope assignments?
2. How to enumerate all possible slope assignments?

Note when we make a slope assignment, we actually
construct a linear system of the vertices and the slopes.
Whether the slope assignment is drawable or not
depends on whether the associated linear system has a
non-trivial solution or not. For example, suppose we
want to draw a K; with S = {so, s;, s,} and we make
the following slope assignment: slope s, is assigned to
edge v,v,, slope s, is assigned to edge v,v,, and slope s,
is assigned to edge v,v;.

The question is whether we can place vy, v,, and v,
properly in order to satisfy the assignment. Let (x;, y;)
be the coordinates of v;. We have to satisfy the following
equations:

OXO-SOXI +S()X2+0y0+y1 —y2=0
S1Xo+0x; —851%x;—yo+0y; + y,=0
$2X0 —$3%X1 +0x; — yo+ y; + 0y, =0

Note there always exists a trivial solution, i.e. x, = x; =
X, and yy, =y, =y,. If the linear system gives a non-
trivial solution, then the slope assignment is drawable.
Of course, some exception handling is necessary for the
vertical slopes.

A parallel-set consists of the edges which are assigned
the same slope. Two drawings of a graph are said to be
parallel-set equivalent if we can relabel one of the draw-
ings so that both drawings have identical parallel-sets.
We will show that if a slope assignment is drawable,
then the drawing produced by the slope assignment is
parallel-set equivalent to the canonical drawing of the
complete graph. Our argument is mainly based on the
number of the edges that can be in a convex hull.

Given a set of points, the convex hull of that set of
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points is defined as the smallest convex polygon which
encloses all points in that set.

Here are some facts about the convex hull. If an edge
v;v; is part of the convex hull, then all other vertices lie
on the same side of the line which contains the edge
(Lee and Preparata, 1984). Note in such a case, the
points v; and v; are corners of the convex hull. The
convex hull of a set of n points consists of at most n
edges. If there are n edges in the convex hull, all points
appear as corners of the convex hull.

THEOREM 2. If a graph K, can be drawn by using n
slopes, then all the vertices must appear as corners of
the convex hull. The produced drawing is parallel-set
equivalent to the canonical drawing of the K.

Proof.
Case 1—n is odd
A K, has n(n — 1)/2 edges. Since only n different slopes
are available, each slope is used by (n — 1)/2 edges on
the average. When n is odd, each slope can be used
by at most (n — 1)/2 edges. Thus each slope is used by
exactly (n— 1)/2 edges. Since each slope contributes
one edge to the convex hull, there are n edges in the
convex hull. Therefore all vertices are part of the
convex hull. Figure 4 shows how a slope is used. From
Figure 4, we can easily see the produced drawing is
parallel-set equivalent to the canonical drawing.
Case 2—n is even

Recall that a K, has n(n— 1)/2 edges. Since only n
different slopes are available, each slope is used by
(n—1)/2 edges on the average. When n is even, at
least n/2 slopes are used n/2 times in order to make
up the average. Each such slope contributes two edges
to the convex hull. Since we can have at most n edges
in the convex hull, there are exactly n/2 slopes which
are used exactly n/2 times. This implies that all vertices
are part of the convex hull. To make up the average,
each of the rest of the n/2 slopes must be used exactly
n/2 — 1 times and cannot contribute any edge to the
convex hull. The way the slopes are used is shown in
Figure 5. From the figure, we can easily see the

Vi-1 A
or—e
Vi-2 Vi41
V;-3 Vi42
Vi—242 Vit2-3
Vi-241 Vit 22
r—<e9

Vit+2 Vit2z

Vi
Vi-1 e Ui+l
>r—
Vi-2 Vi+2

V., n=3
2 ——o 73
V. n=1V., n-1

-2 i+t

FIGURE 4. The way slopes are used for odd n.

produced drawing is parallel-set equivalent to the
canonical drawing.
Thus the theorem is proved. O

4. DRAWABILITY OF COMPLETE GRAPHS

In a complete graph of n vertices, there are n(n — 1)/2
edges. If each slope can be assigned to every edge, there
are n""~ V2 possible slope assignments. It would not be
feasible to check all possible slope assignments.
Fortunately, many of those slope assignments can be
rejected immediately without solving their associated
linear systems.

From the discussion in the previous section, for a
slope assignment to be drawable, those edges which are
in the same parallel-set must be assigned the same slope.
Since they are n parallel-sets, the number of possible
slope assignments is now down to n!, which is still a
big number.

Since we know the drawing produced by a drawable
slope assignment has all the vertices appear in the
convex hull, we can label the vertices vy, vy, ..., U,—; IN
the clockwise order. We also know the drawing produced
by a drawable slope assignment is parallel-set equivalent

FIGURE 5. The way slopes are used for even n.
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FIGURE 6. Representatives of parallel-sets in K, and K.

to the canonical drawing. We can select a representative
from each parallel-set. We will then assign different
slopes to the representatives. One possible selection of
the representatives consists of the edges vov;, vov,,
UiUy, Vg3, Dy, Un2—2Un2-1> Un2-2Un2, and
Unj2—1Unj2> PIUS 0,5 10,54 if n is even, since they are
from different parallel sets. Note the slopes of those
edges are in a cyclic decreasing order, i.e. a cyclic shift of
the decreasing order (see Figure 6).

Therefore we assign the slope in the decreasing order.
We can sort the slopes first. The slopes are then assigned
(in the decreasing order) to edges vov,, edge vyv,, edge
v,0,, edge v v;, edge v, 03, etc.

An algorithm to check whether a complete graph K,
can be drawn by using a set of n slopes or not is
described below.

1. Sort the slopes in decreasing order.

2. Assign a slope (in the decreasing order) to the repres-

3. Assign the remaining edges a slope which is the same
as the slope assigned to the representative of its
parallel-set.

4. Solve the linear system.

5. If there is a nontrivial system then K, can be drawn
and the positions of the vertices are known.
Otherwise, K, cannot be drawn with the slope set.

The step 4 is the slowest part of the algorithm. In
general, it takes O(nm?) time to solve an n by m matrix.
The matrices we are solving here are n(n — 1)/2 by 2n.
Thus the complexity of the algorithm is O(n*).

5. SUMMARY

We have shown the slope number of K, is n. We have
also proved that, in order for a K, to be drawn with n
different slopes, its vertices must be placed as vertices of
a convex polygon. We have developed an algorithm
which takes a complete graph with n vertices and a set
of n slopes as its input and decides whether the graph
can be drawn using only slopes in the set of slopes.

Several questions are yet to be answered. How to find
the slope number of any graph? How to decide whether
a graph with n vertices can be drawn by using only
slopes in a given set of more than n slopes? Sometimes
we have to preserve the topological relations among
vertices, e.g. a certain vertex has to be on top of another
vertex. How do we draw graphs with ‘pretty’ lines if
topological constraints exist?
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