On speeding convergence of an iterative eigenvalue process

By Ivan Erdelyi*

This paper describes a practical procedure suitable for accelerating convergence to the dominant
latent root of matrices reducible to diagonal form. The adaptation of the technique for an
automatic computer requires a very limited working store. Some examples illustrate the method,
and certain particularities are discussed.

This paper is concerned with the problem of accelerating
the time-consuming iterations for the determination of the
dominant latent root and vector of a given (n,n)
matrix.

The direct iteration consists in repeated premulti-
plications of a current vector y, by the given matrix A4:

Y = Ayi_1, Yyoarbitrary, k=1,2,... (1)

Since the initial vector y, of the foregoing scheme may
be expanded

in terms of the latent vectors x;, X5, .. ., X, with the
coefficients ¢, ¢, . . ., ¢, not all zero, the kth iterate (1)
assumes the form

n
— K
Vi —.Zlc,.)\,.xi
i=

where A, A,, . . ., A, denote the respective latent roots.

Further assume
M > N> >

Supposing ¢; non-zero, the kth iterate

n A k
— Mk (21) x, ’
Y = A1 [clxl + iEZC’(AI) xl} (1 )
tends to x; with the rate of convergence governed by
r= X/, ()]

A slow convergence is the consequence of an unfavour-
able quotient r. The iterative process applied to the
modified matrix 4 — gl, where I is the unit matrix and
q a conveniently chosen scalar, converges more rapidly if

Ay — ‘Il
Ay — ‘II
The best choice of ¢ is given by

However, neither A, nor A, is a priori known, so that
there is an inherent uncertainty concerning a good guess
for g. In fact, it is not certain that acceleration in
general will have any significant advantage, since for

<r.

best application we need some knowledge of the dis-
tribution of the roots, and this is often lacking in
practical problems.

The procedure described below extracts some useful
information about the distribution of the appropriate
roots from the behaviour of the successive y,.

This information is then used for obtaining suitable
values for ¢ which may improve the rate of convergence.

It should be remarked that iterations with (4 — gqI)
may converge to a solution other than the largest root.
As a matter of fact, when operating with the modified
matrix (4 — gI), the smallest root A, may become
dominant. A similar case must then be ascertained by
further computation.

Determination of the accelerating parameter g

The process may start at a stage of the iteration when
the iterate reduced to x;, + &x, satisfies the following
conditions:

(1) the largest component of x; 4 &x, is in the same
position j as that of x;;

(2) the powers of ¢ higher than the first can be
neglected. For definiteness assume the latent vectors
normalized so that their largest component is unity,
and denote by p(|p| < 1) the jth component of x,.

A normalized iterate can then assume the form

_ X Fex,
1+ep’
The next three iterations give
Ayi—l:Miyi’ i=1,233,

where M; are the normalizing factors, and hence

y

M= LT
1 + gpri—1
xy + erix,

=L T2 ;-1 23
Yi 1 4 epri !

The foregoing results may be collected into the
following non-linear system:

M, = X\(1 — ep + epr) + O(e?)
M, = X (1 — epr + epr?) 4+ O(e?) ©))
M; = N(1 — epr? + epr®) + O(&?).

* Mathematical Methods Department, Olivetti-General Electric, Milan, Italy.
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Speeding convergence

Ignoring the powers of ¢ higher than the first, a simple
calculation gives

_M;— M,
r= M, — i, )
A= A = T—:‘r (My — Myr). (5)

Solutions (4), (5) may sometimes be very crude
approximations; nevertheless, they are good enough to
reduce the ratio r to the fraction

(6)

where, within the limits of applicability of this technique,
a value of 2, 3 or 4 may be taken for m.

From (6) we derive the accelerating parameter q as
follows:

™

with r and A, given by relations (4) and (5).
It is easy now to verify the extreme cases

m=1, q=0;
r=1, g=2A = Ay;
r=0, ¢g=0,

for formulae (4), (5) and (7).

Efficiency

When considering the efficiency of this method it is
worthwhile to examine how the foregoing results vary
as the effect of the third latent vector x; is considered.

The normalized iterate may then be expressed in
terms of the first three latent vectors x;, x,, x; in the form

=x1+8x2—|—7]x3
14ep+nt

where the small coefficient n has to weight the contri-
bution of x3, and #(|t| < 1) denotes the jth component
of the latter.

By a calculation similar to that of the foregoing
section, new factors N, N,, N; may be determined, in
terms of the old factors M, M,, M;. They are given by

Ny = M, + nt(s — DA,

y

Ny, = M, + nts(s — DA, (®)
N3 = M3 + 'ntsz(s — l))\l
where
S = A:;/Al.
A new approximation r’ for the ratio (2) is given by
Vo N; — N,
NZ - Nl'

The replacement of N, N,, N; by (8), in accordance

160

with relations (3), (4) and under the condition

nt 1 —rf?

Ep 1 —3s ®)
leads to
, oo 1 —s5\2 ﬂl—szz
rer+ 26 r)(l_r) +0Lp1_r) . (10)

When p is zero or very near to it this method is no
longer efficient, but in all other cases it is always possible
to reach a stage of iteration when condition (9) is
satisfied.

For the legitimate use of this procedure it is perhaps
reasonable to show that, admitting (9), the error in the
determination of the accelerating parameter ¢ due to
the contribution of the third latent vector x; does not
exceed the order of magnitude of the quantity |nt/ep|.

In fact, the increment Aq of the parameter ¢ may be
expressed in terms of the variations Ar, AM,, AM, of
r, M|, M,, respectively. From relations (10) and (8) we
have

N A e

AMI =N — M = 7][(S — I)Al
AMZ == N2 —_ M2 == nts(s — I)Al.

The relative error may then be expressed by the
expansion.

Ag [ 1 1 M }
q " |\m—r r(l—r) M,— My

1 —s\2nt s—r
(s ’)(1—r oo UM, = My

confining ourselves to the first-order variation

an

Al s — 1)"7t,

dloggq
M AM,

Ag _dloggqg dloggq
— Ar—l— AM1+
M, 2

q or 0

and using relations (4), (5), (7) and (11).

It is now clear that the dominant part of the foregoing
expression is due to that of the Ar, and its order of
magnitude is |y#/ep|.

It will be pointed out below in commenting on some
examples that a limited influence of some distant latent
roots and vectors may favourably influence, in certain
cases, the determination of q.

Examples

Three examples testing the acceleration procedure are
given. They start with a (24, 24) sparse matrix (Table 1).
In order to derive two new (24, 24) matrices (Tables 2-3)
deflations preserving matrix dimensions* are used.
Computational results according with an output criterion

* The method of deflation uses the latent vectors associated with
the dominant root both of the given matrix and of its transpose
(Wilkinson (1954), p. 546).
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Table 1
B .0 .0} .0}-1.5] 1.0} 1.0 .00 .of .0| 1.5] .s5| .s5| .0 .ol .o
B .0l .ol .0| 4.5]-3.0]-1.0 .0f .o| .of-1.5]- .5]- .5{-3.0]-1.0[ .o
B o .0l .ol .ol 9.0]-4.5]-1.5 o .0} .ol .o0|-3.0]-1.51-1.5|-6.0]-3.0] .o
B .0f .of 2.0] .0o] .ol .o 1.5 .5] .5{ .ol .o .ol-1.5[-.5] .5
B 9.0]-6.0] .o] .ol .o] .o -1.5]- .5|- .5[-6.01-2.0] .0|-1.5|- .5] .5
18.01-9.0l .ol .ol .ol .o -3.0|-1.5|-1.512.0]-6.0| .c|-3.cl-1.5] 1.5
.o .ol .ol .ol .ol 2.0 1.5] .s| .s| .ol .ol .o[-1.5]-.5] .5 ]
.ol .ol .of9.0l-6.0] .0f -1.5/-..5[- .5[-5.0]-2.0] .of-1.5]- .51 .5 _
.0l .c| .ol18.0l-9.0] .o o -3.0}-1.5[-1.5-12.0{-6.0] .0[-3.0[-1.5] 1.5 0 B
1.5/-1.0] 1.0l .ol .o| .o .cf .ol .of-1.5|-.5] .s| .ol .o| .o _
4.5|-3.0] 1.0l .ol .o{ .o -3.01-1.01 .0(-1.5{- .51 .5{ .o}l .ol .o |
9.0{-4.5| 1.5] .ol .ol .o -6.0l-3.0l .0|-3.0f-1.5) 1.5/ .o| .o| .o
[ .0l .ol .oj-1.5| .s!-.s| .ol .of .o .0l .o .ol 1.5] 1.0[-1.0
n .ol .ol .oj-1.5] .s|- .s5|-3.0] 1.0 .o .ol .ol .c| a.5] 3.0[-1.0
R ) .ol .ol .of3.0]-1.5| 1.5] 6.0]-3.0] .0 o .0l .o| .0|-9.0]-4.5] 1.5
= -1.5{ _.s5|- .5| .ol .ol .of 1.5]- .5|- .5 .0l .ol-2.0] .o|l .o| .o
B -1.5] o[- .s5]-6.0] 2.0] .of-1.5] .s5] .5 9.0] 6.0 .of .0f .o] .0
4 3.0l-1.5] 1.5112.0]-6.0] .0| 3.0]-1.5[-1.5 8.0l-9.0l .ol .ol .ol .o
-1.5] _.s5]-.5] .o| .o] .ol 1.5[-.5]-.5 ol .o] .ol .o .ol-2.0: '
-1.5] .5[- .5]-6.0] 2.0] .o{-1.5] .s5! .5 .0l .ol .of{9.0] 5.0 .0 ]
3.0]-1.5] 1.51120[-6.0] .o| 3.0[-1.5{-1.5 o .0 .ol .ol8.0[-9.0] .o 0 ]
.ol .ol .ol 1.5|- .5{- .5] .o| .o| .o -1.5/-1.0]-1.0{ .o .ol .o ]
-3.0] 1.0f .ol-1.5} .s}{ .s5{ .ol .ol .o 4.5| 3.0] 1.0l .o] .ol .o ]
6.01-3.0l .0f 3.0{-1.5]-1.5] .o] .of .0 -9.01-4.5[-1.5] .0l .ol .o
Table 4
Latent roots A A, A; Ay As
—10-5165 10-4967 8-7510 —8-7190 —5-7727
Latent vectors X4 X, X3 X4 Xs
—0-0647 0-0150 0-0087 —0-0284 —0-2689
0-0907 —0-0028 —0-0417 0-0082 0-3641
0-1925 0-0217 —0-0823 —0-0043 0-4093
—0-2143 0-1766 0-2040 —0-0771 —0-2136
0-5833 0-2413 —0-5216 —0-2090 —0-3234
0-9320 0-6792 —0-7714 —0-5946 —0-7574
—0-2167 0-2256 —0-1624 0-0144 0-2152
0-5524 0-3634 0-6026 0-0748 0-0366
0-8401 0-9792 1-0000 0-2506 0-1824
—0-0120 0-1134 —0-0307 0-1195 0-0060
0-0284 0-1461 —0-0063 0-1392 0-5153
0-0162 0-3774 —0-0552 0-3603 0-9882
0-0147 —0-0661 —0-0306 0-0090 0-3292
0-0045 —0-0933 —0-0125 0-0438 0-4179
0-0167 0-2011 0-0051 —0-0880 —0-5305
0-1800 —0-2186 —0-0825 0-2021 —0-0017
—0-1751 —0-6302 0-2041 0-5401 —0-1817
0-6071 1-0000 —0-5258 —0-8273 0-4606
0-2082 —0-2256 0-0016 —0-1792 0-0567
—0-3889 —0-5743 —0-0838 —0-6072 0-0525
1-0000 0-8597 0-2629 1-0000 —0-1076
0-1067 —0-0193 0-1149 —0-0363 0-0279
—0-1389 —0-0221 —0-1360 0-0125 —0-5466
0-3570 —0-0033 0-3488 —0-0726 1-0000
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Speeding convergence

given below are summarized in Table 4. All computa-
tions were performed in floating point with 8 significant
figures* on the Olivetti ELEA 6001 digital computer.
Iterations stopped when the absolute difference |AXD)|
between the normalization factors AC=D, XD of two
successive iterates became less than the order of
magnitude of 10~7|A®).

Example 1
The first dominant latent roots
A, = —10-5165
A, = 10-4967

of the given matrix (Table 1) are very close in absolute

magnitude:
A2

A
Iteration without acceleration therefore converges very
slowly (e.g. after 100 premultiplications of the starting
vector (1,1, ..., 1) by the given matrix, the difference
|AX®| between two successive normalization factors
decreased from 11-21 to 9-38. We recall that the out-
put |AX®D| must be less in magnitude than 10-5, in the
present case).

After 7 initial iterations the accelerating procedure
gives the following values:

= 0-9981.

A~ —11-8821
N~ 11-8729
Il = 2| ~ 0-9992

Ay

and taking m = 2, formula (7) determines the value
q = 3-9586
for the accelerating parameter.
The new rate of convergence becomes
|r] = 0-8758 (12)

and the output is obtained after 51 accelerated iterations.
This accelerated process does not give high-speed
convergence; nevertheless, it should be noted that a
considerably better choice for ¢ is limited by the sub-
dominant roots

A; == 8-7510

Ay = —8-7190.
It is easy to see—a posteriori—that the mostly reduced
rates of convergence are

|r| = 0-8466 (13)
|r| = 0-8424 (14)

which differs but slightly from (12) given by this
accelerating technique.

* For the sake of a simpler representation, the reduced matrices
and most of the results are given with four decimals.
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Moreover, it will be seen below in the comments on
Example 2 that the convergence rate (13) obtained
for |A; —g| =|X; —q|, and that (14) obtained for
[\, —gq| =|A\s —g|, do not assure the minimum
number of iterations.

Example 2

For the given matrix (Table 2) the first two latent
roots have the following values:

A, = 10-4967
15
A, = 8-7510. (15)
Iteration without acceleration gives a convergence rate
|r] = ?Tz = 0-8337 (16)
1

and needs 78 repeated matrix-by-vector multiplications
starting with the vector (1,1, ..., 1).
The third root being

A, = —8-7190 a7

it is easy to verify that in practice there is no way to
improve the rate of convergence by a transformation

A —ql. Our technique, applied after the first 7
iterations, gives for the first two latent roots the values
A, ~ 10-3581
A, &~ —8:8791 (this refers to A;),
gives the rate
|r| = 0-8572,

determines
q= —3-1076 (for m = 2),

and converges after 38 accelerated iterations.
The value of g (18) makes the convergence rate worse,
as the new rate

(18)

Ah—g —0-8717
Al —gq

exceeds the initial one (16).*

In spite of the above-mentioned worsening of the
convergence rate, acceleration was obtained by reducing
the total number of iterations from 78 to 45.

Table 5 illustrates partial comparative tracings of the
iterative process both without and with acceleration.

One may justify this fact by examining the spectral
expansion of the current iterate y, as it is done in the
formula (1°). In fact, by (15), (17)

Al |2
A
and it follows that there are two vectors x,, x; which

have non-negligible contributions in y,’s expansion
during the whole process. This retards convergence to

~
~

* This important fact was pointed out by the referee.
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Speeding convergence

the dominant latent vector x,.* Table 5
In the accelerated process, the shifted latent roots
/ |AXD]
Al = Ay — g = 13-6043 ITERATION
A=A, —q=11-8586 NUMBER REMARKS
M=\ —q=—56114 ! WITHOUT WITH
ACCELERATION | ACCELERATION
present but one dangerous vector x, to be removed.
In closing these comments we may conclude that the 10 0-974012 0-364757
accelerating procedure takes into consideration the 20 0356286 0-004830
distribution of more than two of the appropriate latent 30 0-055547 0-000086
roots when applied after a small number of initial 44 0-004136 0-000013* | * followed by
iterations when the convergence is not yet geometric. output
This is due to the fact that the shift g is deduced from 50 0-001361 —
the outline of the convergence determined by all factors 60 0-000214 —
which play a greater or a smaller role in the considered 70 0-000033 —
matrix power process. 77 0-000010** — ** followed by
output
Example 3
The matrix is given in Table 3. As the first two latent
roots are
A= 8-7510
A, = —8-7190, Having A; = —5-7727, the new convergence rate
iteration without acceleration gives the convergence rate becomes
A A — q‘
r| = || = 0-9963 r| = = 0-7458,
M=% ==
which assures, as in Example 1, a very slow convergence. and convergence to the negative root A, is obtained
The acceleration applied after 11 premultiplications of after 18 accelerated iterations.
the starting vector (1,1,...,1) by the given matrix
supplies the estimate Acknowledgement
|r| = 0-9837 This work has been carried out as part of the research
and gives programme of Olivetti-General Electric in Milan. The
—2.878 author would like to thank his colleague Dr. M.
9= ’ Menconi whose suggestions have greatly improved the
* A similar case may occur in Example 1, for the best rates (13), papeft. The author is also. grateful to .the referee for
4. useful criticism and suggestions concerning the paper.
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